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Preface

Conflicts in the form of wars, or competition among countries and industrial institutions
are plenty in human history. The introduction of game theory in the middle of the twentieth
century shed insights and enabled researchers to analyze this subject with mathematical
rigor. From the ground-breaking work of VonNeumann and Morgenston, modern game
theory evolved enormously. In the last few decades, Dynamic game theory framework
has been deepened and generalized from the pioneering work on differential games by R.
Isaacs, L.S. Pontryagin and his school, and on stochastic games by Shapley. This book
will expose the reader to some of the fundamental methodology in non-cooperative game
theory, and highlight some numerical methods, along with some relevant applications.
Since the early development days, differential game theory has had a significant impact
in such diverse disciplines as applied mathematics, economics, systems theory, engineer-
ing, operations, research, biology, ecology, environmental sciences, among others. Modern
game theory now relies on wide ranging mathematical and computational methods, and rel-
evant applications that are rich and challenging. Game theory has been widely recognized
as an important tool in many fields. Importance of game theory to economics is illustrated
by the fact that numerous game theorists, such as John Forbes Nash, Jr., Robert J. Aumann
and Thomas C. Schelling, have won the Nobel Memorial Prize in Economics Sciences.
Simply put, game-theory has the potential to reshape the analysis of human interaction.

In Chapter 1, we will present a general introduction, survey, and background material for
stochastic differential games. A brief introduction of Linear pursuit-Evation differential
games will be given in Chapter 2 for a better understanding of the subject concepts. Chap-
ter 3 will deal with two person Zero-sum stochastic differential games and various solution
methods. We will also introduce games with multiple modes. Formal solutions for some
classes of stochastic linear pursuit-evasion games will be given in Chapter 4. In Chapter 5,

we will discuss N-person stochastic differential games. Diffusion models are in general

vii



viii Stochastic Differential Games

not very good approximations for real world problems. In order to deal with those issues,
we will introduce weak convergence methods for two person to the stochastic differential
games in Chapter 6. In Chapter 7, will cover weak convergence methods for many player
games. In Chapter 8, we will introduce some useful numerical methods for two different
payoff structure; discounted payoff and ergodic payoff as well as the case of nonzero sum
games. We will conclude the book in Chapter 9 by giving some real world applications of
stochastic differential games to finance and competitive advertising.
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Chapter 1

Introduction, Survey and Background Material

1.1 Introduction

Game theory has emerged out of the growing need for scientists and economists to have
better grasp of the real world in today’s technological revolution. Game theory deals with
tactical interactions among multiple decision makers. These interactions can range from
completely non-cooperative to completely cooperative. These decision makers are usu-
ally referred as players or agents. Each player either tries to maximize (in which case the
objective function is a utility function or benefit function) or minimize (in which case the
objective function is called a cost function or a loss function) using multiple alternatives
(actions, or equivalently decision variable). If the players were able to enter into a cooper-
ative agreement so that the selection of actions or decisions is done collectively and with
full trust, so that all players would benefit to the extent possible, and no inefficiency would
arise, then we would be in the realm of cooperative game theory. The issues of bargaining,
coalition formation, excess utility distribution, etc. are of importance in cooperative game
theory. However cooperative game theory will not be covered in this book. This book will
only deal with non-cooperative game theory, where no cooperation is allowed among the
players.

The origin of game theory and their development could be traced to the pioneering work of
John Von Neumann and Oskar Morgenston [201] published in 1944. Due to the introduc-
tion of guided interceptor missiles in 1950s, the questions of pursuit and evasion took center
stage. The mathematical formulation and study of the differential games was initiated by
Rufus Isaacs, who was then with the Mathematics department of the RAND Corporation,
in a series of RAND Corporation memoranda that appeared in 1954, [90]. This work and
his further researches were incorporated into a book [91] which inspired much further work

and interest in this area. After the Oscar film called “A Beautiful Mind” was released by



2 Stochastic Differential Games

Universal Pictures in the year 2001, a great majority of the people started paying attention
to the game theory and its usefulness. This film is about John Forbes Nash. Game theorists
use the concept of Nash equilibrium to analyze outcomes of strategic interaction of two or
more decision makers, Browne [33], Ho et al. [89], Sircar [177], and Yavin [211, 212],
Yeung [214, 215, 216]. Nash’s theory of non-cooperative games, [139, 140] is now recog-
nized as one of the outstanding intellectual advances of the twentieth century, [138]. The
formulation of Nash equilibrium has had a fundamental impact in economics and the social
sciences.

The relationship between differential games and optimal control theory and the publication
of Isaacs [91] at a time when interest in optimal control theory was very great served to
further stimulate interest in differential games, Berkovitz [25]. For a good coverage on the
connection between control theory and game theory, readers are referred to Krasovskii and
Subbotin [100]. Earlier works on differential games and optimal control theory appeared
almost simultaneously, independently of each other. At first, it seems natural to view a
differential game as a control process where the controls are divided among various players
who are willing to use them for objectives which possibly conflict with each other. However
a more deeper study will reveal that the development of the two fields followed different
paths. Both have the evolutionary aspect in common, but differential games have in addition
a game-theoretic aspect. As a result, the techniques developed for the optimal control
theory cannot be simply reused.

In the 1960s researchers started working on what have been called stochastic differential
games. These games are stochastic in the sense that noise is added to the players’ observa-
tions of the state of the system or to the transition equation itself. A stochastic differential
game problem was solved in Ho [87] using variational techniques where one player con-
trolled the state and attempted to minimize the error and confuse the other player who
could only make noisy measurements of the state and attempted to minimize his/her error
estimate. Later in Basar and Haurie [15], a problem of pursuit-evasion is considered where
the pursuer has perfect knowledge whereas the evader can only make noisy measurements
of the state of the game. In Bafico [5], Roxin and Tsokos [170], a definition of stochastic
differential game is given. A connection between stochastic differential games and control
theory is discussed in Nocholas [141]. In the 1970s rigorous discussion of existence and
uniqueness results for stochastic differential games using martingale problem techniques
and variational inequality techniques ensued, Elliot [47, 48, 49, 50], Bensoussan and Lions

[22], Bensoussan and Friedman [23, 24], among many others. There are many aspects of
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differential games such as pursuit evasion games, zero-sum games, cooperative and non-
cooperative games and other types of dynamic games. For some survey papers on such
diverse topics as pursuit-evasion games, viscosity solutions, discounted stochastic games,
numerical methods, and others, we refer to Bardi and Raghavan [7], which serves as a rich
source of information on these topics. In this article we will restrict ourselves to mostly
strictly non-cooperative stochastic differential games.

The early works on differential games are based on the dynamic programming method now
called as Hamiltonian-Jacobi-Isaacs (HJI). Many authors worked on making the concept
of value of a differential game precise and providing a rigorous derivation of HJI equa-
tion, which does not have a classical solution in most cases. For HJI equations smooth
solutions do not exist in general and nonsmooth solutions are highly nonunique. Some of
the works in this direction include, Berkovitz [25], Fleming [61], Elliott [47, 49], Fired-
man [67], Kalton, Krasovskii, and Subbotin [95], Roxin and Tsokos [182], Uchida [197],
Varaiya [198, 199]. In the 1980s a new notion of generalized solutions for Hamilton-Jacobi
equations, namely, viscosity solutions, Crandall and Lions [43], Fleming and Soner [63],
Lions and Souganidis [124], [125], [126], Souganidis [180], Nisio [143], provided a means
of characterizing the value function as the unique solution of HJI equation satisfying suit-
able boundary conditions. This method also provided the tools to show the convergence
of the algorithms based on Dynamic Programming to the correct solution of the differen-
tial game and to establish the rate of convergence. A rigorous analysis of the viscosity
solution of the Hamilton-Jacobi-Bellman-Isaacs equations in infinite dimensions is given
in Swiech [190]. In the 1990s a method based on an occupation measure approach is intro-
duced for stochastic differential games in a relaxed control setting in which the differential
game problem reduces to a static game problem on the set of occupation measures, the dy-
namics of the game being captured in these measures, Borkar and Ghosh [31]. The major
advantage of this method is that it enabled one to consider the dynamic game problems
in much more physically appropriate wideband noise settings and use the powerful weak
convergence methods, Ramachandran [158, 159, 163]. As a result, discrete games and
differential games could be considered in a single setting.

The information structure plays an important role in the stochastic differential games. All
the above referenced works assumes that all the players of the game have full information
of the state. This need not be the case in many applications. The interplay of information
structure in the differential games is described in Friedman [68], Ho [88], Olsder [145],
Ramachandran [160], Sun and Ho [184]. The stochastic differential game problems with
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incomplete information are not as much developed as the stochastic control problems with
partial observations.

One of the earlier works on obtaining computational method for stochastic differential
games is given in Kushner and Chamberlain [111]. Following the work on numerical
solutions for stochastic control Kushner and Dupuis [112] and many references in there,
currently there are some efforts in deriving numerical schemes for stochastic differential
games, Kushner [107, 108]. For a numerical scheme for the viscosity solution of the Isaacs’
equation, we refer to Basar and Haurie [16]. Also, as a result of weak convergence anal-
ysis Ramachandran [158], Ramachandran and Rao [163], it is easier to obtain numerical
methods for stochastic differential games similar to that of Kushner and Dupuis [112] and
to develop new computational methods.

The key step to a general formulation from control theory to game theory was the distinc-
tion between state and control variables. The nature of a strategy is then clear; make the
control variables functions of the state variables. This is an immediate generalization of
the strategies of discrete games and is general enough for a far wider range of applications
than just combat problems. In his book Differential Games: A Mathematical Theory with
Applications to Warfare and Pursuit, Control and Optimization, Isaacs gives examples in
athletics and steel production as well as several pursuit and pursuit-evasion examples.

The Mathematical Theory of Optimal Processes published in 1962 by Pontryagin, et al.
[152], deals with minimizing problems which could be called one-player differential
games. This work was extended to two players in Kelendzeridze [97]. At the same time
other research was going on in the United States. Control theory can be considered as
equivalent to one-player differential games and is thus a special case.

When the connection between differential games and optimal control theory was realized in
the early 1960s a flurry of research followed. Much of this work was by scientists working
in control theory. Thus, there was a natural tendency to view differential games as an
extension of optimal control theory. It gradually became evident that this view is not quite
satisfactory.

Simply stated, differential games are a class of two-sided optimal control problems. More
precisely, optimal control theory can be considered as a special case of differential games;
but differential games are not easily viewed as an extension of optimal control theory. It
is important to note certain differences. First, although feedback control is desirable in the
one-sided problem it becomes almost mandatory in the game. Second, in more general

games it is not at all certain that the game will terminate.



Introduction, Survey and Background Material 5

It is argued that both optimal control and differential games should be viewed as special
cases of a much larger framework of dynamic optimization such as Generalized Control
Theory as discussed in Ho, Bryson and Baron [89].

Whether it is deterministic or stochastic, there are three basic parts to an optimization

problem:

i) the criterion (payoff) function;
ii) the controller(s) or players; and

iii) the information available to the players.

In optimal control theory there is just one controller who tries to minimize the criterion
function on the basis of one set of information. Although this model can account for some
real life situations, we can quickly think of situations in which there are more than one
measure of performance and more than one intelligent controller operating with or without
cooperation from the other controllers. It is also easy to think of situations where all the
controllers do not receive the same information. We summarize these ideas in Table 1.1.1.
The last column lists some typical references.

In the next section, we will give a brief survey of the literature on deterministic and stochas-
tic differential games respectively. In Section 1.3, we will present a brief survey of stochas-
tic differential games in the sixties and seventies. In Section 1.4 basic formulation of the

problem will be presented. We will conclude this chapter with some basic definitions.

1.2 Deterministic Differential Games: A Brief Survey

The object of this section is to give a brief survey of the literature on deterministic differ-
ential games as they were introduced and as they have been generalized by other authors,
Nicholas [141].

1.2.1 Two-person, zero-sum differential games state and control variables

As implied by the title of this subsection, a two-person, zero-sum differential game in-
volves two players with opposing aims. The first two notions, state and control variables,
are borrowed from control theory. In the theory of differential games as presented by Isaacs
[91], both players know the values of the state variables at all times (games with complete

information); and they are precisely the values on which they both make their decisions.
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Table 1.1.1 Summary of Generalized Control Theory Problems
Criterion Number of Information Typical
Controllers
References
~ fl = 51 g E %
218l |elc| £|2|5 |58
O | E 2 5132 = S| & | E3
2| = || E|E2
[l E —
Deterministic
Optimal Control % % v
Stochastic
Optimal Control v v v
Vector-valued Zadeh
optimization Vv vV oY DaChuna &
Problem Polak
Zero-Sum
. . Ho, Bryson,
Differential Vv Vv Vv and Baron
Game
Stochastic Behn and Ho
Zero-sum Rhodes &
Differential v v v Luenberger
Game Willman
Nonzero-sum
Differential J N J Case Starr and
Ho
Game
Stochastic
nonzero-sum
Differential v v v
Game

The control variables, as the name implies, are those variables which the players can ma-
nipulate.

The initial development of game theory was inspired by the problems in social science and
economics. However, the main motivation of differential games was the study of military

problems such as Pursuit-Evasion games.

Pursuer and Evader The terms pursuer, P and evader, E are carry overs from the early
applications of differential game theory strictly to pursuit problems. As a convention, we

assume that P controls the variables u; and that E controls v;.



Introduction, Survey and Background Material 7

The kinematic equations The motion of a point x = (xy,...,x,) € E, where E is the

playing space (usually R"), is governed by the kinematic equations,

x:fj(t,xl,...,x,,,ul,...,u,,,vl,...,vq)
for j=1,...,norbriefly, x = (t,x,u,v) where xi,...,x, are the state variables and u, ..., u,
and vy,...,v, are the control variables. We shall use the notation - = %.

Terminal surface A game is terminated when x reaches the terminal surface C which
is part of the boundary of E, or after a prescribed time 7 has elapsed. Since much of
differential games are devoted to pursuit games, the surface C can be thought of as the set
of all points where capture can occur. For this, P and E are also used as reference points
on the two players. Clearly, we need not require that P and E coincide but just that they are
“near” each other. It is obvious that bodies with large masses such as a plane and a rocket
will collide before d(P,E) = 0, where d(P,E) denotes the distance between the reference
points P and E; so we require only that d(P,E) < ¢ where £ is some positive number. Thus,

we can usually think of the capture region as “circular”.

The Payoff The payoff is a numerical quantity which the players strive to minimize or
maximize. For a game of degree (one which has a continuum of outcomes) the payoff is of

the form

P(u,v) = H(ty) +/G(x7u,v)dt7
where the integral is over the path in £ and H is a smooth function on C which is the
terminal value of the game. If H = 0, the game is said to have an integral payoff and if
G =0, a terminal payoff. Pursuit games with time to capture as payoff have an integral

payoff with G = 1.

The Value Since P, controlling u, tries to minimize the payoff, while E, controlling v,
tries to maximize the payoff, and the value of a differential game is defined as the minimax

of the payoff,
v(x) = min max (payoff).
u v

Solution. The solution of a differential game is not a very rigorous concept. A game is

considered solved when one or more of the following have been found:

i) The value function v(x);
ii) The optimal paths;

and
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iii) The optimal strategies (functions)
u°(x) and v°(x) defined over E.

Isaacs’ approach was basically formal and did not make extensive use of classical varia-
tional techniques. His approach closely resembled the dynamic programming approach to
optimization problems. In 1957 Berkowitz and Fleming [27] applied rigorous calculus of
variation techniques to simple differential games. In a later definitive paper Berkowitz [26]

expanded the applicable class of problems.

1.2.2  Pursuit-Evasion Differential Games

A two-person, zero-sum differential game problem may be stated crudely as follows. De-

termine a saddle point for

J=H(x(ty).tr)+ /t.tf G(t,x,u,v)dt (1.2.1)
0
subject to the constraints
x=f(t,x,u,v); x(to) =xo (1.2.2)
and
uel(t), velU(r) (1.2.3)

where J is the payoff, x is the state of the game, u and v are piecewise continuous functions,
called strategies, which are restricted to certain sets U and V' of admissible strategies, and

a saddle point is defined as a pair of strategies (u°,v°) satisfying
J(®,v) <J(u®,v°) < (u,v°) (1.2.4)

for arbitrary u € U and v € V. If (1.2.4) can be realized «#° and v° are called optimal pure
strategies, and J (u°,v°) is called the Value of the game.

Many control theorists have investigated the problem of controlling a dynamic system so
as to hit a moving target. Most of these only allowed the pursuer to control his motion. Ho,
Bryson, and Baron [89], allowing both players to control their motions, derived conditions
for capture and optimality. Under the usual simplifying approximations to the equations of
motion of the missile and the target, they showed that the proportional navigation law used
in many missile guidance systems is actually an optimal pursuit strategy.

Ho et al., considered the following game. Determine a saddle point for

a’ 247 Lo 2 2
J= ?pr(tf) —x (t7) | AA+§/t0 [[u(@)||*Rp(r) — |[v(t) IPRe(1)] dt (1.2.5)
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subject to the constraints
ip = Fp(t)xp+Gp(t)u;  xp(to) = xp, (1.2.6)
Xe = Fo(t)xe + G (1)u; Xe(10) = Xe, (L.2.7)
and
u(t), v(r) e R™

where x, is an n-dimensional vector describing the pursuer’s state, u(r) is the m-
dimensional pursuer’s control, Fp(¢) and Gp(t) are (n x n) and (n x m) matrices continuous
in #; x,, v(t), Fo(t) and G,(t) are defined similarly. Rp(¢) and R, (t) are (m x m) positive
definite matrices and A = [Ix : 0] is a (k x n), 1 < k < n, matrix. The quantity a*> was in-
troduced to allow for weighting terminal miss against energy. They considered a game of
finite duration and perfect information. That is, 7 is a fixed terminal time and both players
know the dynamics of both systems, (1.2.6) and (1.2.7), and at any time ¢, they know the
state of each system.

A considerable and meaningful simplification is possible by reformulating the problem in

terms of the k-dimensional vector.
2(t) = A [@p(tr,1)xp(t) — Pel(ty, 1)xe ()]
In terms of z(¢), a completely equivalent problem is, determine a saddle point of
a’ 1 [
7= Sl + 5 [ (o) PRe(e) = () PR (1) (128)
subject to the constraints
2=Gp(tr,t)u—Go(ty,t)v; z(to) =20 (1.2.9)
where
Gp = ADp(t7,1)Gp(1)
and
Ge =AD,(t7,1)G,(t).

It is this approach which we will use throughout this study. The problem is essentially
reduced from 2n dimensions to k < n dimensions.

The problem presented in (1.2.8) and (1.2.9) is classified as a linear-quadratic differential
game. That is the state equation (1.2.9) is linear in the controls and the payoff (1.2.8) is

quadratic.
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1.2.3 The Problem of Two Cars

The Problem of Two Cars is a good example of a two-person zero-sum pursuit-evasion
game which is not based on warfare strategies. It is just like the classical Homicidal Chauf-
feur game, Isaacs [91], except that the evader’s radius of curvature is also constrained.
Here we have two cars traveling on an infinite parking lot at constant but (possibly) differ-
ent speeds. Cockayne [41] found that necessary and sufficient conditions for the capture
region to be the entire state space are (1) the pursuer must be faster than the evader; and
(2) the pursuer must have greater lateral acceleration capability, as embodied in the min-
imum radius of curvature, than the evader. Meier [132] studied the problem when the
pursuer is slower than the evader. Although the capture region could be found analytically
using Isaacs’ theory, the geometric methods presented by Meier are simpler and give more
insight. The technique appears to be applicable to a general class of pursuit-evasion prob-
lems in which the dynamics of the players are independent of their positions and in which

termination depends only on their relative positions.

1.2.4 The Lanchester Combat Model

Some research which can be classified under the broad heading of differential games was
carried on at Virginia Tech a few years ago. Springall and Conolly [42] obtained some
theoretical results for the probability of victory in the Lanchester combat model described

by the deterministic differential equations
= —pmn—on

and

= —Amn—7yn

where m denotes the first player’s forces and n denotes the second player’s forces. Let us
call the two sides P and E.

The model studied by Conolly and Springall [42] is unusual in that they assume that both
sides deploy only a constant fraction of their initial strengths in the field, holding the re-
mainder in reserve to replace casualties. Due to the formulation of the model, although
the results of a combat do depend on the initial strengths, it was found that neither the
probability of P’s victory, nor the probability of E’s victory, depends on how side E parti-
tions his troops. Both probabilities are, however, dependent on how P partitions his forces.
Conditions are given in Conolly and Springall [42] on how side P can divide his forces to

maximize his probability of winning. Using data on Civil War battles it was found that the
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actual outcomes agreed favorably with the outcomes which would be predicted based on
the initial percentages of forces sent into the field.
For realistic applications to other fields, such as biology or economics, it is usually neces-

sary to study games which are not zero-sum and which involve more than two players.

1.2.5 Nonzero-sum N-person Differential Games

The theory of differential games has been extended to the situation where there are N
players (N > 2) and the players try to minimize different performance criteria.
In the general nonzero-sum, N-player differential game, the following situation arises. For
i=1,2,...,N, player i wants to choose his control u; to minimize

J,~:K,-(x(tf),tf)—|—/tt/Li(t,x,u1,...uN)dt
subject to the constraint '

x=f(t,x,ur,...uy); x(fp) = xop.

There may also be some inequality constraints on the state and/or control variables as well
as restrictions on the terminal state. The terminal time #; may be fixed or variable.
Case [38] was concerned only with pure strategies and with games which he expected to
have pure strategy solutions. This dictated that all the players had perfect information
throughout the course of the game.
When we have N players the definition of a solution is no longer obvious. Many new
concepts arise which force one to sharpen his definition of optimality. In a pair of papers
Starr and Ho [185] discussed three types of solutions: Nash equilibrium, non-inferior set

of strategies, and minimax.

Nash equilibrium A Nash solution u}, i = 1,2,...,N, is defined by

Ji(uj,uyy .l uy) < J; (uT,...,uffl,u,-,ufﬂ,...,u}‘v)
for all u;, i =1,2,...,N, where J; is the criterion which the ith player is attempting to
minimize.
Noninferior solutions Let A denote the set of non-inferior solutions. Then, the strategy
N-tuple s* = {s7,...,sy}. belongs to A if, and only if, for any other strategy N-tuple s =
{s1,...,sn}, the following is satisfied.

Ji(s) <Ji(sY), i=1,...,N

The set A contains those solutions which are worthy of consideration for cooperation or

negotiation. It is called the Pareto-optimal set for the problem.
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Minimax Consider the other players to be irrational in that they try to maximize our
criterion instead of minimizing their own criterion. That is, each solves a zero-sum game
with respect to his own criterion with all the other players opposing it. The minimax value
of the criterion is then security level of a controller when operating against other irrational
controllers, while the Nash value is the level against rational ones.

For a linear-quadratic deterministic differential game, that is, a game with linear dynamics
and quadratic payoff, all three of these solutions can be obtained by solving sets of ordinary
matrix differential equations.

Applying their theory to a nonzero-sum version of a simple pursuit-evasion game consid-
ered by Ho, Bryson, and Baron [89], Starr and Ho [186] found negotiated solutions which
give both players better results than the usual saddle-point solution. They also outlined an
application to economic analysis involving the dividend policies of firms operating in an
imperfectly competitive market.

In a recent paper Case [38] casts the problem of profit maximization for two firms manufac-
turing the same commodity (coal in his example) as a two-person differential game. That
is, he supposes that all of the coal deposits in some small country, isolated from the rest of
the world by high mountains, are owned by two competing firms. Because the demand for
coal in this country is highly elastic, the two firms could overcharge.

The assumptions are similar to those made by Isaacs for his steel production example [91].
It takes coal to mine coal and to open new mines. Thus, each firm must decide how much
coal to allocate to the production of coal for the present market; how much to invest in new
mines; and how much to stockpile for future demands. The qualitative aspects of the Nash
equilibrium point of the game are discussed.

Case’s model is applicable to the theory of protective tariffs. The high mountain range
offers full tariff protection for a given period. Assigning values to the physical constants,
one could actually calculate the prices which would evolve and a tariff rate which should
be sufficient to guarantee the desired protection. If such calculations could be made for

realistic and complicated models, many people would want to use them.

1.2.6 Friedman’s approach to differential games

No survey of differential games would be complete without the mention of Avner Fried-
man’s works [67, 68]. We have not referenced him previously because his research publi-

cations transcend our section headings.



Introduction, Survey and Background Material 13

Friedman [67] defines a differential game in terms of a sequence of approximating discrete
games. He assumes that the controls appear separated in the kinematic equation and in
the integral part of the payoff and gives an example to show that the game may not have
Value if the controls are not separated. His work generalizes that of Varaiya and Lin [200].
In Friedman [67] he proves, under suitable conditions, that a pursuit-evasion game with a
general payoff which is usually not a continuous functional, has Value and saddle points
and that the Value is Lipschitz continuous. These results are extended to differential games
of survival. Another paper by Friedman [67] extends the results to the case where the state
x is restricted to a given phase set X which is a subset of Euclidean n-dimensional space R”.
Friedman also computes the Value for a class of games with fixed duration; and gives a
general method for computing saddle points for games of fixed duration as well as games
of pursuit and evasion.

Friedman’s research is not limited to two-person differential games. In addition he con-
siders linear-quadratic differential games with non-zero sum and N players. His approach
to N-person differential games is similar to his approach to two-person differential games
in that he defines the game through the concept of §-games, i.e. discrete approximating
games of fixed duration §. In this paper he derives bounds on the optimal strategy for a 8-
game and proves a theorem which asserts that the differential game has Value under certain
conditions on the controls.

Earlier a similar approach to differential games was investigated by Fleming [62, 63]. He
introduced the idea of a majorant and minorant game in which the information is biased to
favor one player or the other. He then gave conditions for the majorant value and minorant
value to converge to the Value of the game.

Consider the following two differential games.
X1 = filt,xn,u,ve); xi(to) = x10

and

X2 = fat,xo,uz,v2);  xa(to) = x20.
Using the definition of a differential game given by Friedman [67] and from differential
inequalities, it can be shown that if the functions f; and f, are close in some sense then
so are their Values. Such a comparison is of use in approximating a differential game by a
simpler one.
One source of differential games is the study of optimal control problems in which the
system to be controlled is subject to unknown random disturbances. We now go on to a

discussion of stochastic differential games.



14 Stochastic Differential Games

1.3 Stochastic Differential Games: Definition and Brief Discussion

In recent years a number of articles have appeared in the journals on what have been called
stochastic differential games. These games are stochastic in the sense that noise (zero mean,
Gaussian, white noise) is added to the players’ observations of the state of the system or to
the transition equation itself.

In 1966, Ho [87] solved a stochastic differential game using variational techniques. One
player controlled the state and attempted to minimize the terminal error and confuse the
other player who could only make noisy measurements of the state and attempted to mini-
mize the error of his estimate. Since only one player actually controlled the state, the game
was not of the pursuit-evasion type, and could be solved subsequently by first determining
the form of the first player’s controller and using this to determine the form of the second
player’s estimator. The solution indicated that a certain time the first player should change
strategies from trying to confuse the other player to trying to minimize the terminal crite-
rion. A logical extension is an investigation of a pursuit-evasion problem in which both

players have imperfect knowledge of the states involved.

1.3.1 Stochastic Linear Pursuit-Evasion Games

Behn and Ho [19] made some progress in this direction when they studied the problem
where the pursuer has perfect knowledge, but the evader can make only noisy measure-
ments of the state of the game. They showed that the evader can use the noisy measure-
ments to obtain an optimal estimate of the state and then use this estimate in the feedback
strategy for the deterministic problem.

When we restrict the problem to linear dynamics and quadratic criterion with Gaussian
noises as the sources of randomness, then specific results are available. Liu [129] consid-
ered this problem and converted it into a stochastic differential game under the assumption
that one of the players fixes his strategy in a linear form with a linear filter. The other player
must then use a linear strategy for optimality. Liu obtained optimal pairs of linear strategies
when one player has corrupted information and when both have corrupted information.
Consider the zero-sum, two-person stochastic differential game with the linear transition

equation

x=Fx+Gpu+G,v; x(to) =xo
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and quadratic criterion given by,

. . 0 0 X
f
JZEE x'(tf)Sfx(tf)—F/ [x/ u' v’] 0 B u|dty,
1
! 00 —c||v

where B and C are symmetric, positive definite matrices and Sy = S(ty) is a symmetric,
positive semi definite matrix which is the solution of a Riccati-like equation. Let the obser-

vations (measurements) be given by

zp = hix+wi, (1.3.1)
and

Ze = hpx+ws. (1.3.2)

It is assumed that xo ~ N(0, Py) and is independent of w and w, which are white Gaussian

processes such that

E(w;)=0, E(wiw))=Ry,
and

E(wy) =0, E(wawh)=Rs.

We shall summarize the work done on this particular type of problem in Table 1.3.1.
Perfect measurements for player i, i = 1,2, is denoted by R; = 0, H; = I (the identity matrix)
where R; = 0 denotes the degenerate case w; = 0 = w,. Similarly, no measurements are
denoted by R; = o, i = 1,2. Thus, there are nine cases to be considered. Either player’s
measurements may be perfect, noisy, or omitted.

The case where both players can make perfect measurements is referred to as the closed-
loop game and the case where neither player has any measurement as the open loop game.
Borh are treated by Bryson and Ho in Applied Optimal Control [34]. The solution to
cases 1, 3, 6, 7, 8, and 9 requires only the solution of Riccati-like equations because the
measurements involved are degenerate. Cases 6 and 8 are extensions of stochastic control
theory since one player operates open loop. The other three cases, 2, 4, and 5, give rise to
complicated equations of the two point boundary value problem type.

A further stochastization can be achieved by making the transition equation (1.2.2) itself

stochastic. Willman [207] did this by considering a random version of (1.2.9), namely:

X=Gpu—G,v+q
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Table 1.3.1 Summary of Research Publications on Stochastic Pursuit-Evasion Games

PURSUER
Perfect Noisy No Measurements
Measurements Measurements R
] = o0
Ry =0, O0<R| <o
H =1
Perfect 1 2 3
Measurements
Ho, Bryson, and Behn and Ho Bryson and Ho
Ry =0, Baron Rhodes &
Hy =1 Luenberger
Noisy 4 5 6
Measurements X
;z Behn and Ho Willman Rhodes &
m
a 0<Ry<e Rhodes & Rhodes & Luenberger
<
5 Luenberger Luenberger
No 7 8 9
Measurements
Bryson and Ho Rhodes & Bryson and Ho
Ry =o0 Luenberger

with criterion

u

. B 0
‘]:%E {x/(tf)sfx(tf)—k/t;)/ [u’ V/} [0 —C

)

v

and measurements given by (1.3.1) and (1.3.2). It was assumed that

q
wi

w2

is Gaussian white noise process with mean vector and covariance matrix given by the pair

0 [0 0 o
0 bl 0 R] 0
0 0 0 R

which is assumed to be statistically independent of the prior. As before B and C are positive
definite time-dependent matrices and Sy is positive semi-definite.

Willman [207] was able to get formal solutions for games of this type which depend on
the solutions of certain sets of implicit equations of the two point boundary value problem

type.
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Although each of the authors referenced above has tacitly admitted that the real world is
not static, or deterministic, they have made their games stochastic by adding independent,
zero mean, Gaussian white noise to the observations and/or the transition equations. That
is, they have perturbed the games. Can this normality assumption be relaxed? Roxin and
Tsokos [170] recently introduced a more general and realistic definition of a stochastic

differential game.

1.3.2 The Definition of a Stochastic Differential Game

Consider a two-person, zero-sum differential game defined by the differential equation
x= f(t,x,u,v,w) (1.3.3)
where

i) t € R, is the time;
ii) x € R" is the state variable:
iii) u=u(t) € EY and v = v(t) € E are control variables;
and
iv) w =w(t,0) € E" is some stochastic process defined over the complete probability
space (Q,A, i) where Q is a nonempty abstract set, A is a o-algebra of subsets of Q,

and p is a probability measure on A.
The initial state of the differential game is given by
xo0 = x(to),
and the terminal condition by
D(r7,x(17)) =0, (1.3.4)

where @ is a given vector-valued function which defines a manifold in E"*! space. In this
game, one player, called u, controls the functions u(¢) and the other, called v, controls the
function v(¢). We take as admissible controls u(¢) and v(¢) all measurable functions whose
values belong (almost everywhere) to some given compact sets U C EF and V C E¥.

The payoff which player # must pay to player v at the end of the game is given by the

functional
L
J(t9,x,u,v) :H(tf,x(tf))—i-/ G(x,u,v)dt. (1.3.5)
fo

Thus, players u# and v, want to choose their actions so as to minimize and maximize the

expected value of the payoff functional J respectively.
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The definition given by Roxin and Tsokos [170] assumes that both players know the dy-
namics of the game (1.3.3), the terminal condition (1.3.4), the admissibility sets U and V,

and the payoff (1.3.5). They must choose their controls on the basis of the observations
y(t,w) =y {t,x(s),w(s, ), 0 < s <t}

and
z(t,w) = yo{r,x(s),w(s, ), 0 < s <t}

respectively. A strategy o,[0,] for player u[v] is a rule for determining the control u(z) [v(7)]
as a functional.
That is,

u(t) = oufy(n)}

and

v(r) = o,{z(t)}.

The differential game described above is called a two-person, zero-sum, stochastic differ-
ential game. Unfortunately even for the discrete case, there is no general way to ascertain
the existence or the uniqueness of the solution of the game for a given pair of strategies.
An approach which goes back to the works of Fleming [61] is to consider the continuous
differential game as the limit of a discrete game obtained by dividing the time interval into
N short subintervals. For deterministic differential games this approach was investigated by
Varaiya and Lin [200], and Friedman [67]. It was applied to stochastic differential games
by Roxin and Tsokos [170].

The discretized game Without loss of generality we can assume that the game starts at
to = 0 and ends at a fixed time 7y = T. For any positive integer k let N = 2% and § = %

Define the subintervals
Li={t:(j—-1)6<t<jé}, j=12,...,N.

We can now define a discrete interpretation of the continuous stochastic differential game
(1.2.3) as follows. At each instant #; = jo, j =0,1,...N — 1, players u and v choose their
controls u(¢) and v(¢) for the succeeding subinterval jé <t < (j+ 1)8. They have at
their disposal the observations y(z;) and z(z;) respectively. Since neither player knows the
control chosen by his opponent, it is well known that each should use a randomized decision
function. To avoid randomized decisions we give player v, the maximizing player, a slight

advantage. Player u must choose u(t) for t; <t < t;4 based only on his observations y(z;)
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but player v chooses his control v(r) based on z(¢;) and u(r) for r; <t <t;y. However,
player v is not allowed to store this information, that is, he cannot use u(z)for ¢ < ¢ 7 when
choosing v(r) fort; <t <tj. This is called an upper 8-game. A lower §-game is similarly
defined.

The Expected Payoff 1t is clear that, even when the initial conditions (fo,xo) are given
and the players have chosen strategies ¢, and o), the resulting payoff function is still a
random variable. This is because the payoff also depends on the stochastic process w(z, ®).

The expected value of the payoff is therefore defined to be
JO (t07x07 6147 GV) = E {J (t07x0a O-Ma GV)} .
This expected value is unknown to the players but player u tries to minimize it based on

his information and the most unfavorable strategies of player v. Similarly, player v tries to

maximize it on the basis of his information and the most unfavorable u-strategies.

The Value of The Game Define V; and V; as follows:

Vi= g(}b 13}) E {Jo (to,x0,0u,0,) |y(to) } (1.3.6)
and )

Vo = lub gc}P E {Jo (t0,X0,04,6,) |z(10) } - (1.3.7)

Let the optimal strategies be denoted by o,f and o;. For the discrete upper §-game define

19 5 19 1
V° (to,x0) = Jy (t(),X(),G* o, )

u

and for the lower §-game

Vs (to,x0) = Jos (t07x0:G:57GJ5)
where o % and o, % are optimal in (1.3.6) and (1.3.7) for the upper 6-game and o5 and

0,5 are optimal for the lower 5-game. If 6 — 0

%ii%vé(to,xo) = lim Vs (10, %0) =V,
V is called the value of the continuous stochastic differential game.

The definition of a stochastic differential game used in this study will be slightly different
from that outlined above. Inspired by the definition of Roxin and Tsokos, we will apply an
idea similar to that recently used by Morazon [136] and Tsokos [196] in the study of the
stability of linear systems. We will adopt the idea of letting the functions which constitute
the game be random functions themselves. This interpretation is more realistic and consis-
tent with the terminology. Games in which white noise has been added to the observations

and/or the transition equation itself would better be called perturbed differential games.
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1.4 Formulation of the Problem

Let the triple (2, A, i) denote a probability measure space. That is, Q is a nonempty set,
A is a o-algebra of subsets of Q and p is a complete probability measure on A. Let x(¢; @),
t € R, denote a stochastic process (or random function) whose index set is the set of
non-negative real numbers Ry = {¢:¢ > 0}, @ € Q. That is, foreacht € R, x(¢; @) is a
random variable defined on Q,

Perhaps a picture is in order here; the reader is referred to Figure 1.4.1 and 1.4.2 for a
Graphical Explanation of x(¢;®). Of course in a deterministic game we simply have a
single trajectory. However, when we consider a solution to be a stochastic process, we
have an ensemble of trajectories. In Figure 1.4.1 each line represents a possible realization
of x(r; w) for a given @ € Q. If we let Q vary also, then we get an ensemble of paths for
the motion of the point x. On the other hand in Figure 1.4.2 the time ¢ is held fixed and Q is
varying. We see that we have a distribution of points for each fixed r € R... If we connect

the points for each @ € Q we will get continuous curves as in Figure 1.4.1.

Fig. 1.4.1 1t varying, o fixed

Definition 1.4.1. A stochastic process (or random function) x(7; @), t € Ry, is said to be a
second order (or regular) process or to belong to the space L (Q, A, u) if for each t € R,

the second absolute moment exists. That is,

E{l0)?} = [ o) du(o) <
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Fig. 1.4.2 ¢ fixed, w varying
In other words, x(f; @), t € Ry is square-summable with respect to [l-measure.

The norm of x(1; ®) € L, (Q, A, 1) is defined by

Ih

2

[(t:0)l |y .00 = { [0 ]} (1.4.1)
foreacht € Ry, L (Q, A, 1t) is a Hilbert space with inner product defined for each pair of
random variables x(¢; @) and y(¢; ) by

(x(:0). ¥(E0))0rn = [ X0y EO)du(o)
:E[x(t;w)y(t;w) : (14.2)

where the bar denotes the complex conjugate in case we are talking about complex-valued
random variables. Combining equations (1.4.1) and (1.4.2), the norm in L,(Q,A, i) is
defined in terms of the inner product. Thus, for a second order process the covariance
function always exists and is finite.

In this study we will be dealing with stochastic differential games with transition equations

of the form

d

Ex(t;w) = f(x(t; @), u,v,1); x(t; 0) = xp(®)
where x(f; ) € L,(Q, A, i) for eachr € R;. The control variables « and v may be random,
i.e. belong to L, (Q, A, ), or deterministic. Further assumptions concerning their behavior

will be given at the appropriate points in the study.

We will now list some definitions which will be necessary for the presentation of this study.
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1.5 Basic Definitions

It will be assumed that the reader is familiar with the fundamentals of measure theory and
integration, functional analysis, and topology. Therefore such definitions are linear (vector)
space, norm, semi-norm, normed linear space, and complete normed linear space or Banach
space will not be given. We refer the reader to such texts as Yosida [218]. However, some
definitions from these and related fields will be repeated here for the convenience of the

reader.

Definition 1.5.1. By a random solution of the stochastic differential equation (1.3.4) we

shall mean a function x(¢; @) which satisfies equation (1.3.4) p-a.e.

We have already defined what we mean by x(¢; ®) in Lp(Q,A, ). For fixed r € Ry we
shall denote x(7; ) by x(®) and call it a random variable. Recall Figure 1.4.2.

Definition 1.5.2. A random variable x(®), ® € €, is said to be y-essentially bounded or to
belong to the space L..(Q, A, i) if it is measureable with respect to pt and there is a constant

a > 0 such that

u{o: |x(w)| >a} =0. (1.5.1)
That is, x(®) is bounded in the usual sense except maybe on a set of probability measure
Zero.
The greatest lower bound (glb) of the set of all values for which (1.5.1) holds is called the

essential supremum of |x(®)| with respect to 1 and is denoted by

u-ess supx(w) = glb{a: pfo: |x(0)| >da] =0}

=infq sup |x(@)| »,
Q-0

where Q is a set of probability measure zero, (t(Qg) = 0.
The norm of x(®) € L..(Q, A, 1) is defined by

[X(@) |2 (.a,0) = H-€sSpeasupx(®).

Definition 1.5.3. Consider a mapping f : X — X. f is said to be a contraction mapping if
there exists a number a € (0, 1) such that d(f(x), f(y)) < ad(x,y) for any x,y € X.

Definition 1.5.4. Let x(s) is a finite function defined on the closed interval [a,b]. Suppose
that for every € > 0, there exists a § > 0 such that

i ~ x(a)}

<E,
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forallay,b1,...,ay,by suchthata; < by <ay <by<...<ap, <bpand Yj_, (by —ar) < 6.

Then the function x(s) is said to be absolutely continuous.

We note that if a function x(s) is absolutely continuous, then its derivative exists almost
everywhere.

We now state an important inequality known as the generalized Gronwall’s Inequality.

Definition 1.5.5. Let x(¢) be a continuous non-negative function on [fo,#¢] and assume that

x(r) <M+ rx(s)dcr(s), 1 € [to,1]

fo
where M is a positive constant and o(r) is a nondecreasing function on [fo,s] such that

o(t) = o(t+0). Then x(z) satisfies
x(t) <Me®D — o (1).
Definition 1.5.6. Consider the stochastic system

d
Ex(t;w) = f(t,x,u,v), t=0

with initial condition. The system is called stochastically asymptotically stable if the fol-

lowing two conditions are satisfied:
(i) foreach & >0, fo € Ry, there exists a 6 = (1o, &) > 0 such that ||x(@)]|1,Qau) <O
implies
”x(t?t()axo(w)vuvv’)HLZ(Q,A.,M) <§g 1210
for every admissible pair of controls u, v;
and
(ii) for each € > 0, 1y € R, there exists numbers & = dy(fp) and T = T (to, &) such that

whenever
[%0(@)]lLy@.80) < 0,
and
[x(t,10,x0) (@), u,v|| <&, t>10+T
for every admissible pair of controls u, v.
Definition 1.5.7. Consider an (n x n) matrix A(®) = (a;;(®)), ® € Q. A(w) is called a
random matrix if A(®) X (t,®) is a random n-vector with values in L,(Q, A, i) for every

n-vector x(t; @) € Ly(Q,A,p), for t € R,. That is, A(®) is a matrix whose n* elements

a;j(w) are random variables.
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Definition 1.5.8. Let x(®) be a random vector. The matrix norm |A(®)| will be defined by

|A(w)| = sup [A(@)x(®)]|1,(0.A1)-
(@), (@) <1

With respect to the completion of a differential game we give the following criteria.

Definition 1.5.9. A pair of strategies (U 0, VO) is called optimal, or minimax, if it satisfies
the saddle-point criterion. That is, the strategy pair (U°,V?) is minimax if for any other

strategy pair (U,V) is based on the available information set
J(UO V) <J (U0 V0 < (U,vY).

Definition 1.5.10. Consider an n-person deterministic differential game. If Ji(sy,...,8,),
.. JIn(s1,...,8,) are the cost functions for players 1,..., N, then the strategy set (s7,...,sy)

is called a Nash equilibrium strategy set if, fori =1,2,...,N,
Ji(ST, oSty SivSivts--oSn) = Ji(sT, . 5n)
where s; is any admissible strategy for player i.

We will use these definitions in subsequent chapters.



Chapter 2

Stochastic Linear Pursuit-Evasion Game

2.1 Introduction

The 1950’s saw the introduction of guided interceptor missiles and the launching of Sput-
nik I. Questions on pursuit and evasion were suddenly in everyone’s mind. What is the best
strategy to intercept a moving target? How can friendly planes best avert midair collisions?
Thus the theory of Differential Games is permeated with the theory of military pursuit
games. Dr. Rufus Isaacs, who was then with the Mathematics Department of the RAND
Corporation realized that no one guidance scheme can be optimal against all types of eva-
sion. An intelligent evader can deliberately maneuver to confuse the pursuer’s predictions.
Thus optimal pursuit and evasion must be considered equally.

Consider a stochastic linear pursuit-evasion game described by a linear stochastic differen-

tial equation of the form

%x(t; 0) =A(0)x(t;0) +B(o)u(t;w) — C(w)v(t; ®) (2.1.1)

fort > 0 and w € Q, where

i) Q is the supporting set of a complete probability measure space (Q, A, it);
ii) x(z; ) is the unknown random n-dimensional state variable;
iii) u(r; ) and v(¢; @) are the random control vectors;
and

iv) A(w), B(w), and C(w) are random matrices of appropriate dimensions.

The problem is to choose a control u,(¢; @), depending on the evader’s control v(¢; @) such

that
x(ty; @) € Mg for some 1, € Ry

where M; is the terminal set to be defined in Section 2.3.

25
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The object of this chapter is to prove the existence and uniqueness of a random solution,
that is, a second order stochastic process, which satisfies equation (2.1.1) with probability
one. In order to do this we integrate equation (2.1.1) with respect to ¢ obtaining a vector
stochastic integral equation of the form

x(t;w) = xo(a))eA(“’)t

.t (2.1.2)

+ /0 A (B(o)u(t; 0) — Cl0)v(T; @) de
forr > 0 and @ € Q, with initial condition x(0; @) = xo(®). In the theory of stochastic
integral equations the term xo(®)e?(®) is referred to as the free stochastic term or free
random vector and eX®)—7) as the stochastic kernel.
We will approach the question of existence and uniqueness of a random solution of equation
(2.1.2) using the technique of admissibility theory introduced into the study of random
integral equations by Tsokos [184]. To do this we must first define some topological spaces

and state some results which are essential to this presentation.

2.2 Preliminaries and an Existence Theorem

We will be concerned with the space of random vectors in Lp(Q,A,i) where
Ly(Q,A, ) denotes the set of all u-equivalence classes of random vectors of the
form (x(w),...,x,(®)) = x(®) where for each i = 1,2,...,n, x;(®) is an element of
Lo (2, A, ). It is well known that L, (Q, A, i) is a normed linear space over the real num-
bers with the usual definitions of component-wise addition and scalar multiplication with

norm given by
1

2

[x(@)ll 0.8 = {/Q (1 (@) +x2(0)* + -+ + xu (@)°] d#(“’)}
Definition 2.2.1. Let C, = C. (R4, L, (Q, A, 1)) denote the space for all continuous vector
valued functions from R into L,(Q, A, 1), or second order stochastic processes on R,
with the topology of uniform convergence on every compact interval [0, T], T > 0. That is,
the sequence x(#; @), converges to x(¢; ®) in C, if and only if

1 3

]}im {E |x(2; ) — x(2; a))\z} - ]}im {/ |x(t; ) —x(2; a))|2d,u(a))} =0
o0 —00 Q

uniformly on every interval [0,T], T > 0.

Definition 2.2.1 simply says that the map 1 — x(¢; @) = (x(£; @), x2(t; @), ..., x,(t; ®)) is
continuous and that for each € Ry and each i = 1,2,...,n, x;(t; ®) € Lo(Q,A, it). Thus
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for fixed r € R4

[[x(t; )|, A1) = {/Q [x1(t;0) + - + x4 (1 0)%] du(co)}2 .

C.(Ry,Lr(Q,A, 1)) is a linear space over the nonnegative real numbers with the usual
definitions of addition and scalar multiplication for continuous functions. It should also

be noted that C, is locally convex with topology defined by the following family of semi-

norms, Yoshida [207]
1
2
U |x(t;w)|2du(w)} o= 1,2,...}.
Q

Let T denote a linear operator from the space C. (R, L (Q, A, it)) into itself; and let B and

{le(t;w)lln tlx(z @) = sup
0<r<

SIsn

D denote Banach spaces contained C,.

Definition 2.2.2. The pair of Banach spaces (B, D) is called admissible with respect to the
operator 7 if and only if 7B C D.
Definition 2.2.3. The operator T is called closed if

x(t; o) 2, x(t; )
and

D
(Txo) (1 0) — y(t: @)

imply that

(Tx)(t;0) = y(t; w).
Definition 2.2.4. The Banach space B is called stronger than the space C. (R, Ly (Q, A, 1))

if every sequence which converges in B with respect to its norm also converges in C.. The

converse need not be true.

The following lemmas due to Tsokos [184] and Banach’s fixed point theorem are the basic

tools used in the following results.

Lemma 2.2.1. Let T be a continuous operator from C, (R, Ly (Q,A, 1)) into itself. If B
and D are Banach spaces stronger than C.; and if the pair (B, D) is admissible with respect

to T, then T is a continuous operator from B to D.

Theorem 2.2.1 (Banach’s Fixed Point Theorem). If T is a contraction operator from a
Banach space B into itself, then there exists a unique point x* € B such that T (x*) = x*.

That is, x* € B is the unique fixed point of the operator T.



28 Stochastic Differential Games

Since T is a continuous linear operator from B to D, it is bounded in the sense that there

exists a constant M > 0 such that
[(Tx)(t; @) |lp < M||x(t; @) |5

for x(¢; ) € B. Thus we can define a norm for the operator T’ by

[(T2) (5 @)l .

6 0)]s x(t;w) €B, ||x(t;0)||p #0] .

ITlo = sup
We are also guaranteed that
1(Tx)(#; @) lp < [T [lo]}x(z; @)]|5-

‘We can now state and prove a theorem on the existence and uniqueness of a random solution

of a stochastic integral equation of which equation (2.2.1) is a special case.

2.2.1 An Existence Theorem
Consider a stochastic integral equation of the general form

X(130) = h(t,x(5; 0)) +/Otk(t,x(t;a));a))df, >0 22.1)
where

i) as usual Q = {all w} is the supporting set of the complete probability measure space
(Q,A,u) and x(z; ) is the unknown n-dimensional vector-valued random function
defined on R ;

ii) under appropriate conditions the stochastic kernel k(7,x(f; ®); @) is an n-dimensional
vector-valued random function defined on R ;
and

iii) for eachs € R, and each random vector x(¢; @), the stochastic free term h(t, x(t; ®)) is

an n-dimensional vector-valued random variable.
‘We now state an existence theorem.

Theorem 2.2.2. Assume that equation (2.2.1) satisfies the following conditions:

(1) BCC.(Ry,Lr(Q,A, 1)) and D C C, (R4, Ly (Q, A, 1)) are Banach spaces stronger
than C. (R4, Ly (Q, A, 10));

(ii) the pair (B,D) is admissible with respect to the operator T given by (Tx)(t; ) =
Jox(t; ®)dr;
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(iii) k(t,x(r; w); @) is a mapping from the set Dy = {x(t;w) € D : ||x(t;0)|p < p,
p = 0} into the space B such that ||k(t,x(t; 0); ®) —k(t,y(t; 0); ©)|| g < A||x(1; 0) —
y(t; @) || p for x(t; @) and y(t; ®) in Dy and A > 0 a constant;
and

(iv) x(t;0) — h(t,x(t;®)) is a mapping from Dy into D such that ||h(t,x(t;@) —
h(t,y(t: @))|p < Ylx(t: @) — y(1; @) || p for some y = 0.

Then there exists a unique random solution of equation (2.2.1) in Dy provided that 'y +
AM < 1 where M = ||T|o and ||h(t,x(t;®))|| , + M ||k (t,x(t; @); @) || 5 < p-

The conditions on the above theorem can be weakened somewhat. We prove the following

Corollary 2.2.1. Assume that equation (2.1.1) satisfies the conditions of Theorem 2.2.3.
Then there exists a unique random solution if Y+ AM < 1 where M = ||T ||o and

([, (2, (5 @) [ p + M|k, (£,x(1; @) | < p-

Proof.  Note that the operator (Tx)(t;®) = [¢ x(7; @)d is continuous from B to D, hence
bounded. We shall define a contraction mapping on D, and then apply Banach’s fixed point
theorem. Define the operator U from D, into D by

(Ux)(1; @) = ht,x(t: 0)) + /0 'k (1,x(7: @); 0)dT.

To show inclusions consider any x(¢; @) € Dp.

W@l = (o) + [ kra(mono)i)

D

< NIt x(t:0)) |+ H/Ork(r,x(r;w);w)dr

D
< (e x(5;0))|p + M|k (1,x(1; @); @) || < p, by hypothesis.

Hence (Ux)(t; @) € Dy or UDp C D,.

Now let x(r; @) and y(r; @)be elements of D,,. Since (Ux)(r; @) and (Uy)(t; w) are elements
of the Banach space D, [(Ux)(t; @) — (Uy)(t; ®)] € D.
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Thus,
[(Ux)(1:0) = (Uy)(1:0)]|,

= Hh(nx(t;w))+Atk(r,x(r;w);w)d1h<t,y(t;a))/Otk(ay(r;a));w)d'c)

D

= Hh(t,x(z; 0))—h(t,x(t;0)) + /(: [k(7,x(T;0); @) — k(T,y(T; ©); ©)dT]

D

< exti) -y + | [ xmo)r0) - Kes(w o))

D
<Yt @) =y @) lp + [ T{lo]|k(z,x(1; @); @) — k(z, y(1; ®); ) || 8
<Yt o) =y 0)llp + M|k, x(1; ©); ©) — k(z,y(1; 0); ©) |5
<Yx( o) = y(: 0)[|p +MA[|x(1; @) — y(: @)
= (Y+MA)|Ix(t; @) — y(1; @)||p.

Thus we see that we need only to require that (y+MA) < 1 for the condition of the con-

traction mapping principle to be satisfied. Then, by Banach’s fixed point theorem, there

exists a unique point x(¢; @) € D, such that

(Ux) (1 0) = h(t, x(t; 0)) + /O (0.x(7: 0); ©) dT = x(t: ).

2.3 Existence of a Solution for a Stochastic Linear Pursuit-Evasion Game

2.3.1 A General Stochastic Linear Pursuit-Evasion Game

Consider a stochastic linear pursuit-evasion game described by a stochastic transition
equation in (2.1.1). The problem is to choose controls v(f;®) and u,(f;®) such that

X (tu,v; @) € Mg for some finite time 7, , where the terminal set M is defined by

Mg = {x(t; ®);

x(1;0)|| 1, a0 <E}-

As mentioned previously, we give only one transition equation. In case we have two ob-
jects, called the pursuer and evader, then we can consider x(f; @) as the distance between
them. The evader tries to maximize this distance or maximize the time until ||x(r; @)|| < €
while the pursuer tries to minimize these conditions. Thus, by a simple transformation, a
pursuit-evasion game becomes a contest to bring a point in n-dimensional space into an €-
ball about the origin. The pursuer, using u(f; ®), tries to minimize the time required while
the evader, using v(7; @), tries to maximize the time. If possible, he would like it to be

infinite.
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The state space of a differential game can be thought of as divided into two regions. In one
region one player is able to force a win on the other; while in the other region the reverse
happens. Isaacs uses the term barrier to define the boundary between the two regions. The
physical interpretation is that if the initial state is outside the barrier, then the state can
never be brought to the origin. That is, escape always occurs outside the barrier. From the
control theory point of view, this represents an uncontrollable region. Inside the barrier, in
the controllable region, capture always occurs.

In the deterministic setting Pontryagin [139], Pshenichnity [142], Sakawa [160], and other
researchers have all given conditions which are sufficient for a linear differential game to
be completed. We now consider conditions for completing the most general stochastization
of a linear pursuit-evasion game.

The stochastic transition equation (2.2.1) is the most general formalization of a stochastic
linear pursuit-evasion game in the sense that all the functions involved are stochastic. It is
more general because the random function x(; @) appears on the right hand side. Phys-
ically this means that the object (s) being controlled have energy of their own. We may
think, for example, of an incoming guided missile Dix [46]. The missile has its own guid-
ance system; and its mission is to descend to a certain altitude over a given city before
exploding. The pursuer (enemy in this case) is also sending control signals to the mis-
sile while our own forces (the evader) are trying to jam the signals as well as the onboard

controls.

2.3.2 A Special Case of Equation (2.2.1)
Equation (2.1.1) is equivalent to a vector stochastic integral equation of the form
t
x(1;0) = xo(w)eM @ + / A [B(w)u(t,w) — C(o)v(T;0)]dT, =0 (23.1)
0

for which we now give conditions for the existence and uniqueness of a random solution.

Referring to equation (2.2.1) we can make the following identifications:
h(t,x(1;@)) = xo(@)et (@)
k(1,x(t;0); @) = D [B(o)u(T;0) — C(0)v(T; 0)] .
We note that conditions (ii) and (iii) under equation (2.2.1) are satisfied. In particular

ii) the stochastic kernel is an n-dimensional vector valued random function from R into
L2 (Q: A7 :u)’

and
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iii) the stochastic free term xo(®)e* (@) is an n-dimensional vector-valued random variable,
i.e. foreachr € R, xo(@)e( @) € Lr(Q, A, 1).

Note that the Banach space C. (R,L,(Q,A, 1)) satisfies the definition of stronger than
itself. Thus we can use the space C. (R, Lr(Q,A,t)) in place of both B and D in Theo-
rem 2.2.3. Clearly the pair (C,,C,) is admissible with respect to T given by (Tx)(t; @) =
Jox(7;®)dt. Condition (iii) of Theorem 2.2.3 is satisfied vacuously since x(t; ) does not
appear explicitly in the stochastic kernel. That is,

[k (t,x(t; 0); 0) =k (t,y(t; 0); 0)[|c, =0 p—ae.
We proceed by proving a theorem concerning the existence and uniqueness of a random

solution for equation (2.3.1) and hence (2.1.1).

Theorem 2.3.1. Given any p > 0, define the set D, by
Dp = {x(t;®) € Cc : [|x(1; 0)l|c. <p}-

There exists a unique random solution of equation (2.3.2) provided that

(i) the initial condition x(0; ®) = xo(®w) € D,
and

(i) [eA@r|< 1.

Proof.  The proof of this theorem will consist of showing that all the conditions of Corol-

lary 2.2.4 are satisfied.

1) The Banach space C, (R, L, (Q, A, 1)) satisfies the definition of stronger than itself.
2) The pair (C,,C,) is admissible with respect to the operator 7' given by
(Tx)(1:0) = /tx(f; ®)dr.

3) The stochastic kernel is a mapping from Othe set D into the space C. such that
[k (t,x(t; ); @) =k (t,y(t; ®); ©)|c, = 0 u-a.e. for x(#;®) and y(t; @) in Dp. We just
take A = 0.

4) The stochastic free term is such that

HxO(a))eA(w)t _yo(w)eA(w)t

c < Yllxo(@) —yo(@)]|¢, for some y > 0.

We just take y = |eA<‘°>’ ‘ The conclusion then reduces to: There exists a unique random
solution of equation (2.3.1) in D, provided that ¥ < 1. We have assumed that |eA(“’)’ | <1,

hence, the theorem is proven. O

In the next section of this study we shall consider the existence and uniqueness of a random

solution of a stochastic linear pursuit-evasion game with deterministic controls.
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2.4 The Solution of a Stochastic Linear Pursuit-Evasion Game With
Nonrandom Controls

In this section we shall be concerned with stochastic pursuit-evasion games described by

stochastic linear differential equations of the form
d
Ex(t;a)) =A(w)x(t;0)+Bu(t) —Cv(t), t=0 (2.4.1)

where

i) o€ Q, where Q is the supporting set of a complete measure space (Q, A, );
ii) x(7; @) is the unknown (n x 1) random state variable;
iii) u(r) € E” is the control vector of the pursuer, v(¢; @) € E* is the control vector of the
evader; and

iv) A(®) is a (n x n) random matrix and B and C are respectively (n x r) and (n X s).

It is immediately obvious that equation (2.4.1) is a special case of equation (2.1.1). This
equation is still general in the sense that x(7; @) appears on the right hand side; but here
we consider deterministic control vectors. Physically this means that the controllers are
attempting to control a randomly varying object with non-random controls. Thinking of
an incoming missile, the path which it is following cannot be fitted to a deterministic tra-
jectory. On the other hand if we are thinking of x(¢; @) as some function of the distance
between a pursuer and an evader, then x(¢; @) could be random because either or both of
the players are following random paths or because the players cannot measure the distance
accurately.

Mathematically this means that the state is being affected by some stochastic process
w(t; ), but since the players cannot observe Q, they seek optimal deterministic controls.
The purpose of this chapter is threefold. We will find the smallest max-min completion
time for the game (2.4.1) as well as optimal controls for the pursuer and evader. Finally we

will give sufficient conditions for completion of the game in a finite time.

2.4.1 Preliminaries
The above random differential system (2.4.1) can easily be reduced to the stochastic vector
integral equation
x(t;0) = D(1; 0)xp(0) + /l ®(t — 1;0)[Bu(t) — Cv(1)]dT.
with initial conditions '

x(0; ) = xp(w)
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where the matrix ®(t; @) is given by ®(r; @) = A @),

The problem is to choose controls v(¢) and u, () such that x (t,,;®) € M for some finite
time ¢, ,, where M, was defined in Section 2.2 as an &-ball about the origin.

We shall consider the random solution x(¢;®) and the stochastic free term ®(7; @) as
functions of the real argument ¢ with values in the space Lp(Q,A,u). The function
[Bu(t) — Cv(t)] is also a function of the real argument 1 whose values are in L (Q, A, ).
The stochastic kernel ®(r — 7;®) is an essentially bounded function with respect to
u for every ¢t and 7, 0 < T < t < oo, with values in Lo(Q,A,u). Thus the product
D(t — 7;0) [Bu(t) — Cv(1)] will always be in the space Lp(Q,A, ). We shall assume
that the mapping

(t,7) = P(t — 7, 0)
from the set
A={(t,7):0< 1<t <oo}
into L..(Q, A, 1) is continuous. That is,
u -esswsup |D(t, — Tp; 0) — D(t — T, 0)] — 0

as n — oo whenever (t,,7,) — (£,7) as n — oo.

We shall define as admissible controls all measureable functions whose values belong (al-
most everywhere) to some given compact sets U C E" and V C E*. u(t) € U, v(t) € V for
t > 0. Further, we shall assume that U is convex.

The terminal set, Mg, is just an €-ball about the zero element of L, (Q, A, it). As mentioned

previously, the problem is to choose admissible controls v(z) and u,(¢) such that
tll.V
& (1:0) x0(®) + /0 ® (1, — 7) [Buy (7) — Cv(7)] dT € M, (2.4.2)
for some 1, € R,

Definition 2.4.1. The game (2.4.1) is said to be completed from an initial point x(0; ®) =
xo(w), if, no matter what control v(z) the evader chooses, the pursuer can choose a control
u,(t) such that x(r; @) € M, for some finite time 7.
We shall define the functions Hy (1) and Hy (£) by

Hy(n) = supnu;

uclU

Hy (&) = sup&v
veV

(2.4.3)
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where 1 and & are arbitrary (r x 1) and (s x 1) vectors. Then there exist vectors up € U
and ve € V such that
Hy(n) =supnu=nuy; and
uclU

(2.4.4)
Hy(G) = supgv = Gvg,

veV
It can be shown that the function Hy (1) [Hy(&)] defined by (2.4.3) is continuous with

respect to 1[§]. Furthermore, if uy, [Vé] is uniquely determined in some neighborhood of
n[&]. then uy [V] is continuous in that neighborhood.

For convenience we shall define the (n x r) and (n x s) matrices K (¢; @) and L(t; @) by
K(t;0) = ®(t; 0)B;
L(t;0) =P(t;0)C.
Equation (2.4.2) can now be rewritten as
D (fu; 0) X0 (@) + /0 " K (5 @)y (0 — )T — /0 " Lt @)ty — T)dT €My (245)
Theorem 2.4.1. Given any admissible control v(t), a necessary and sufficient condition

Jor the existence of an admissible control u,(t) such that (2.3.5) holds for some finite time

tuy = 0 is the existence of at € R such that
—e < ADP(1;0)x0(0) +/OIHU (AK(T;0))dT — /OIHV (AL(t;w))dt (2.4.6)
for all (1 x n) vectors A(@) = A such that |||, au) = 1-
Proof.  Let A be an arbitrary (1 x n) vector such that [|A]|z,(q.a x) = 1. Multiplying the
left hand side of line (2.3.5) by —A on the left and applying Schwarz’s inequality gives
2D (1,; 0) x0(@) — /0 AR (T @)y (fay — T)dT+ /O " AL(T @) (g — )T < .

Since the above inequality must hold for all v(¢) € V, it must hold for sup, .y AL(t; 0)v =
Hy(AL(t;@)) = AL(t; @)v (ty,y —1).
By definition, Hy (AK(t; ®)) > AK(t; ®)u, (t,,, —t). Hence

AD (1 0) x0 (@) + /O " Hy (K (7: 0)) dt — /0 " By (AL(; 0))dT > —.

Putting t = t,,,, yields condition (2.4.6).
Now suppose that there is an admissible control v(¢) such that no admissible control u,(z)
exists such that (2.4.5) holds for some finite time #. This means that the compact, convex

set defined by

{/Otk(r; o)u(t—1)dt: u(—1) € U}
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does not intersect the compact sphere
~a(0)(0)+ [ "Lt 0)v(t — ©)dT + M.
Therefore, there is a vector A € LZ(Q,A;E), 41|z, (,a,4) = 1, such that
_AD(t: 0)x0(0) + / AL(T: 0)v(t — T)dT+ Aa > /’K(r; ouli—t)dt  (247)
forallu(r) eU,0< t<¢ 0< oo, and for all a € M. Since i(l)lequality (2.4.7) must hold for a
u(t) € U such that
AK(T;0)u(t — 1) = Hy (AK(T; 0)) = sup AK(T; 0)u

uclU
and for a vector @ = —eA’ € M, and since

i "Hy (AL(T: 0)) dt > i AL(%; 0)v(t — D),
0 0

1 t
A (—€") > Ad(r0)x0(0) + / Hy (AK(7; @))dT — / Hy (AL(7; @))dT
0 0
contradicting inequality (2.4.6) U

Corollary 2.4.1. Given any admissible control v(t), a necessary and sufficient condition
for the existence of an admissible control u,(t) such that (2.4.5) holds for some finite time

tuy = 0 is that there exists at € R such that
t 1
inf [A0(0)0(w) + / Hy(AK(7;0))dt — / Hy (AL(z;0))dz| > —¢
€0 0 0
where Q is a set of (1 x n) vectors A € Lp(Q, A, i) such that || A, .au) = 1-

We shall denote by u(r,A) and v(z,A) the vectors u € U and v € V which maximize
AK(t;®)u and AL(t; @)v. That is,

Hy(AK(t;0)) = sup AK(t; ®)u = AK(t;0)u(t, 1)
uclU
and

Hy (AL(t;)) = supAL(t; 0)v = AL(t; 0)v(t,A).
veV

Assume that for each A € Q, the controls u(7,A) and v(7, 1) are uniquely determined for
all 7 € [0,T] except on a set of measure zero. Then, see the remark following equation
(2.4.4), the controls u(7,A) and v(7,A) are piecewise continuous on [0, T].

The scalar function F (¢t,A; ®,xo(®)) will be defined by
F(t,A;0,x())

— 2D (1 0)x0 (@) + /0 " Hy (AK(7: 0))d — | /0 "y (AL(T: 0))d7 (2.4.8)

:/"ttb(t;w)xo(w)+)L/OtK(T;w)u(r,l)(k)dr—)L/OtL(’c;w)v(nl)dT.
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Lemma 2.4.1. The gradient vector with respect to A of the function F (t,A;®,xo(®)) is
given by
grad, F (t,A; 0,x0(®)) = x(¢t,A; 0,x0(®))
where
x(t,A;0,x0(0)) = D(t; 0)xp () +/OIK(T;(1))u(T,7L)dT— /OIL(’L'; w)v(t,A)dt. (2.4.9)

Moreover grad, F(t,A; ®,x0(®)) is continuous in't and A.

Proof.  Let y be an arbitrary (1 x n) vector. Then, from the definition of u(, 1),
Hy(A+7)K(;0)) —Hy(AK () > (A + 1)Kt 0)u(t,A) — AK(t;0)u(t, L)
= YK(t: @)u(t, 1),
and
Hy(A+7)K(t;0)) —Hy(AK(t; 0)) < (A +y)K(t0)u(t,A +v) — AK(t; @)u(t,A +7)
=yK(t;0)u(t,A+7).
Integrating with respect to t we get

y/tK(T; o)u(t,1)dT < /"HU((;LH)K(T; a)))drf/"HU(;LK(t;w))dr
0 0 0

t
< / K(7;0)u(t, A +7). (2.4.10)
0
Let ty,fp,...,txy (0 <1 <ty <--- <ty <) be the points where u(¢,A) is not continuous
and define the following subintervals of [0,7]:
10(8) = [078)
Ii(g):(tiievti+8)7 i:1727“'7N
Inyi(e) = (1 —&,1]
N+1
=10,7] — U Ii(g).
By the continuity of u, for sufficiently small € > 0 there exists a § = 6(€) > 0 such that if
l7]l < 8(e) and r € I(€), then |Ju(t,A + ) —u(t,A)|| < €.
Since U is compact (closed and bounded), there is a k > 0 such that |u(t,A +7) —u(t,A)|| <
N+1
kifre U 1,'(8).
i=0
Therefore,

13
/ (e, A+ 7) — u(t, )| dT < et +26(N + Dk. 2.4.11)
0
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Inequalities (2.4.10) and (2.4.11) imply that

grad, /IAK(T;a))u(L/I)dr = /IK(T;a))u(f,l)dT
similarly, . .

grad, / "AL(T; @)v(z, A)dT = / 'Lz 0)(z,A)dx.
Hence (2.4.9) is proven. 0The continuity of grad;F (t,A;0,x0(w)) is evident from the
course of the proof. O
Since F(t,A; @,xy(®)) is continuous in A and the set

0={A=,22,. .. ) €La(QA 1) : Al y0am =1}

is compact. Thus, there is a A € Q which attains the infimum of F(r,A;®,x0(®)). Let us
denote it by 4,. That is

/lirelgF(t,l;w,xo(w)) =F(t,A;0,x0(®)).
For convenience, when the initial condition is xo(®), we will write Fy,(f,A) and x(f, 1)
instead of F (£,A; ,x0(®))and x (t,A; ®,xp(®)) respectively.
Lemma 2.4.2. We have
/lirEH;Fw(f’l) =Fo(t,X) = — %0 (t, )l Ly @A) (2.4.12)

where x4(t,A;) is given by equation (2.4.9).

Proof.  Since minFy,(t,A) is sought for ”)L”%z(Q-,A,u) —1=0and is fixed, define
Fo(t,2,0) = Fo(t,2) +6 (|21, 10— 1)

where 0 is a Lagrange multiplier. Put

J .
a—%Fw—xi(t,k)—i—ZBli—(), i=1,2,....n

where x;(f, 1) and 4; denote the ith components of x, (7,4 ) and A respectively. Solving we

get
5 n
A1 a g = / Z )=t
Ql:l
J Y Rdp() =46,
Q=
lxe (£, 2) Iy (0,a,1) = 20-
Hence,

7x;)(t72')

B ”xw(tva')“Lz(Q,A,y).
Substituting line (2.4.13) into line (2.4.8) gives the desired result (2.4.12). O

(2.4.13)



Stochastic Linear Pursuit-Evasion Game 39

Lemma 2.4.3. Let us assume that for any time t > 0 and for A1, A, € Q,

%0 &, A @) = o (t:22) ||, @A)
implies that Ay = Ay . Then,
d

EF“’ (t,4) = LA(@)D(t; 0)x0(w) + Hy (MK (t; 0)) — Hy (LL(1; 0)) .

Proof.  Let 8 be an arbitrary real number. Since the matrix ®(r; @) = e*(®)’, we see that

t+6
O (1 +8;0) = D1 ) +/ A(0)®(1: 0)dT.

Then,
Fo(t+0,A)=Fyu(t,A)
+8 (2.4.14)
+/ [AA(0)P(T;0)x0(0) + Hy (AK(T;0)) — Hy (AL(T; 0))]dT.
t
Now, by the definition of 4;,
Fo(t,.5) = Fo (t,A4) = inf Fp(1,1).
AeQ
Thus, from (2.4.14), we get
1+8
Folt+8. i)~ Fo(t.20) > [ Ay (@)®(r0)n()ds
! (2.4.15)

1+8
[ H (35K (5:0) ~ Hy (L5 0))]dv.
On the other hand, F, (1 + 0, 24,,5) < Fp(t + 8, ;) implies that
Fo(t+08,Ays)—Fo(t,4) < Fp(t+8,4)—Fy(t, ). (2.4.16)

Since F is continuous in ¢, inequalities (2.4.15) and (2.4.16) show the continuity of F in ¢

and A;. That is,
Fo(t4+68,A,5) — Fy(t,A) asd — 0. (2.4.17)

From equation (2.4.12) it is clear that the assumption of Lemma 2.4.5 implies the unique-
ness of the A € O which attains the infimum of Fy, (7, 4). It then follows from the continuity
of Fg, line (2.4.17), that

Aiis— M asd —0. (2.4.18)
If 6 > 0, we get from inequalities (2.4.15) and (2.4.16)

1+
%/{Jr Ay 5A(@)P(T; 0)x0(@) + Hy (Ay 5K (73 0)) — Hy (ArsL(T; 0))]dT
S %[F“’ (1+8,415) = Fo (1, 4)] (2.4.19)

1
< 5 [Fo(t+0,4)—Fy(t,A)].
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In view of (2.4.18) and the continuity of Hy (AK(t;®)) and Hy (AL(t;®)) in A and ¢, it

follows from inequality (2.4.19) that

%Fw (t, ) = bA(@)P(1; @)x0 (@) + Hy (LK (1; ®)) — Hy (AL(1; 0)).

If § < 0, the same result holds. Thus the lemma is proven. O

We are now in a position to give conditions under which the game (2.3.1) will have a finite

maximum completion time.

24.2 Completion of the Game

Suppose that ||lxo(®)|[,(0.a ) > € and there is a time # € Ry such that

inf Fy(t,A) = Fy (1,A) = —¢. (2.4.20)
A€0Q

Theorem 2.4.2. No matter what admissible control v(t), t € Ry, the evader chooses, the
game can be completed in a time not greater than ty, where ty is the smallest nonnegative
time satisfying (2.4.20). Furthermore, no matter what admissible control u(t), t € Ry,
the pursuer chooses, the evader can choose a control v (t) such that the game cannot be

completed in a time less than t.

Proof.  Given an arbitrary control v(r) € V, t € R, we shall define the function

Fy (t,2;0,x0()) = A®(t; 0)xo (@)

: ' (2.4.21)
+A / K(t;0)u(t;A)dt—A / L(t;0)V(t —1)dr.
Jo Jo
From the definition of v (z;A) and equation (2.4.8) it is clear that
Fy (t,2;0,x0(w)) = F (t,A; 0,x0(®))
for all A € Q. Hence,
inf F,(t9,4; 0,x0(®)) > inf Fy(19,A;0,x0(®)) = —¢. (2.4.22)
reQ AeQ
Let us also define the function
X (£, A3 @0,x0(@)) = @(1; 0)xo (@)
(2.4.23)

+A /OIK(T; )u(T;4c)dT— 24 /OtL(r; w)v(t — 7)dT.

where A, € Q attains the infimum of F, (z,A; @,xo(®)) when 7 and xo(®) are fixed. Then,
by Lemma 2.4.4,

Jnf By (1,25 0,20(@)) = Fy (1,4 0,50(0)) = =[x (1, 4 0, x0(0)) [, 0.0, - (24:24)
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Since x, (¢, 4; @,x0(®)) is continuous in time ¢, and equations (2.4.22) and (2.4.24) imply
that

— [l (70, A4 @, x0()) HLZ(Q,A,u) Z —¢,
there exists a time ¢*, 0 < t* < 1, such that
= [lx (", Aes 0,30 (@) || 1y @) = —€-

That is, the game can be completed in a time * which is not greater than #,.
As in (2.4.21) we shall define another function F, (t,A; @,xo(®)) by

Fo (1,0, 50(0)) = 2D(1; 0)x0(0) +}L/OIK(7:; o)u(t — T)dT—2 /OIL(‘L'; ®)u(7,2)d.

Now from the definition of u(7,A) and equation (2.4.8) we see that
F,(t,A;0,x0(®)) < F (t,A; 0,x0(®))
for all A € Q. Therefore,
;IelgFu (to, A; 0,x0(w)) < )%IEIfQ‘F (to, A; 0,x0(w)) = —€. (2.4.25)
Following equation (2.4.23), let us define the function x,(¢,A;; ®,x0(®)) by
Xu (1, 450,x0(@)) = P(t; 0)x () +/(:K(r;a))u(t —1)dt— /;L(T; o) (T,Ar)dT

where A; € Q attains the infimum of F,, (,A;®,xo(®)). Then again by Lemma 2.4.4,

/llrégli, (t, A;0,%0(0)) = F, (1,43 0,%0 (@) = — [[xu (1, A; @,x0(®)) || 0. ) - (2:4.26)
Thus, by (2.4.25) and (2.4.26),

=[x (10, A1y @, x0 (@) HLZ(Q,A,u) S—¢E

That is, the game cannot be completed in time less than 7. Thus #( is the maximin comple-

tion time. u

The controls, u(t) = u (fo —1, A ) and v(r) = v (1o — 1, Ay, ) for t € [0,10], are optimal in the
sense that the pursuer wants to complete the game as soon as possible and the evader wants
to escape as long as possible. The time #( is the smallest maximin completion time of the

game. When will a finite time ¢ exist such that (3.3.1) holds?
Theorem 2.4.3. [f (i) the homogeneous stochastic differential equation
d
Ex(t; 0) =A(0)x(t; ) (2.4.27)

is stochastically asymptotically stable; and (ii) BU D> CV where BU = {Bu:u € U} and
V = {Cv;v € V} are subsets of E", then the game can be completed no matter what the
initial condition xo(®) € L, (Q, A, L) may be.
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Proof.  Since CV C BU, whatever control v(t) € V, r € R, the evader may choose, the

pursuer can choose a control, such that
Bu(t) = Cv(r) forall t > 0.

Since (2.4.27) is assumed to be stochastically asymptotically stable, there is a finite time ¢

such that

N

[1x(t; @), @.a0) < €

Since ®(r; ) = (@), A(0)P(1; @) = ®(r;0)A(w). That is, we can change the order of
multiplication. Thus, the conclusion of Lemma 2.3.5 can be written as

D (1, 2) = A (1 0)A (@) (@) + max A,®(1; @)i(r) — min AP(1:0)7(1)  (2.4.28)

dt
O
Theorem 2.4.4. Assume that for any t > 0 and for any Ay, A, € Q,
o (t, A0) |z, @.a0) = X0t 2) [, @A)
implies that Ay = ;. If there exists a & > 0 such that
—A()xo(®)+CV +Mg C BU; (2.4.29)

and
2@t 0)|| 0 =8 forallt € Ry,
where Ms = {x(t;a)) Hx(t o) ||, @ap) < 5}, then the game starting from xo(®) can be

completed.

Proof. Lety € Ly(Q,A, ) be an arbitrary (1 x n) vector such that [|7]|,,@,au) = & > 0.
Then

max  yx(t; @) = yxy(t; @) > 8%
x(t:w)eMg

From relation (2.4.29), for arbitrary x(¢; w) € M and ¥(¢) € CV there is a fi(t) € BU such
that

—A(@)x0(@) +9(1) +x(t: 0) = a(t).

Hence, for all ¥(z) € CV and for all y such that ||7||L2(Q, A, i) > 0, there is a éi(t) € BU
such that

V(@ ()~ 9(0) + A(@)xo (@) > 8 > 0,
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The above inequality still holds for a ¥y such that

Vy(t) = max yi(z).
Yoy(1) Jmax, o)
Also
i(t) < viy, = ma i(t).
va(r) < viy ﬁ(t)E;}UW( )
Hence, for all y such that [|¥[|,,q A u) = 6 >0,
max Yi(t) — max yo(r)+ YA(® > 8.
8, YEC) = oy, 1)+ yA(@)so(v)
Under the assumption of Theorem 2.4.8, Lemma 2.4.5 implies (2.4.28). Setting y =
M®(1; m), we get

d
ot ) > 8%>0 forall > 0.

Since Fp(0,40) = —[[x0(®)||1,(@.a,u) < —€ <0, itis clear that the game which starts from
xo(®) can be completed if xo(®) satisfies relation (2.4.29). O

In Theorem 2.4.6 we gave a condition such that the stochastic linear pursuit-evasion game
(2.4.1) will have a maximin completion time. Then, in Theorems 2.4.7 and 2.4.8 we gave
sufficient conditions for completion of the game no matter what the starting state is. We
now give an interactive procedure for determining the minimum completion time and the

optimal controls.

2.4.3 The Optimal Controls

Assuming that the game (2.4.1) with initial condition x(0, ®) = xo(®) can be completed,
we can find the minimum completion time 7o and the vector 4, satisfying condition (2.4.20)

as follows. Choose € > 0.
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o
1. Set A, = XO((O)

and them compute F,(7,A;) forz > 0 up to the
[[x0 ()|, (@A 1) (@A)
time ¢, such that F(¢;,A1) = —¢. Clearly 1 < 1.

2. Let Fy(t;,Ai)) = —€, i=1,2,..., and find miny co Fp(t;,A) using the gradient
method of Lemma 2.3.3. Call it Fy,(¢;,A;+1). That is,

minFy(t;,A) = Fp(ti,Aitr1) < —€.
AEQ

3. Compute Fy(t,A;+1) for t > t; up to the time #,+1 such that Fy, (¢;4+1,Ai+1) = —€.

It is clear that

Fo(t,Aiv1) = Fy(t,A;) forall t € [0,2;,+ 1].

4. Repeat steps 2 and3 above fori =2,3,....

Since #; < 141 < o for all i, lim;_... #; exists. Let us denote it by 7§ < fy. We have F(t;, A;) =

—eforalli=1,2,... and lim;_.t; = #; < to. Since F(t,A;) is continuous in ¢, we get

Fa) (tg,ﬂ,tg) = —E&.
But g is the smallest nonnegative time satisfying line (2.4.20). Thus, #5 = fo. Also, A1 =
Mi; — Mgy from the left. If A, is not continuous at 7, let A, denote the limit from below.
That is, limg, o4, _s5 = 4y -
v(to—1,, ) forallz € [0,z)].

With the iterative procedure described above one can program the game for an electronic

Thus the optimal controls are u(r) = u (to ft,lto_), v(t) =

computer. It is first necessary to check if the game can indeed be completed. For this it is
an easy matter to program the Corollary 2.4.2. That is, we must first check to see if there

exists a finite time r € R such that

+ 1
it [Acp(t;m)xo(m) + / Hy(AK(7: 0))dt — / Hy(AL(z:0))dt| > —¢
€ 0 Jo
where Q is the set of all (1 x n) vectors A such that |4, .au) = 1-

In this section we have considered stochastic linear differential games of the form

%x(r; 0)=A(0)x(t;0)+BU(t)—Cv(t), t=0

which is a special case of equation (2.1.1)? Here we have taken constant matrices B and C
and control sets U (¢) and V(1) which are compact subsets of Euclidean spaces. The method
of investigation was to first reduce the problem to the existence of a random solution to the

stochastic vector integral equation

x(t: @) = B(t; 0)x0(0) + /0 "B (t — 7 ) [Bu(t) — Cv(7)]de
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where ®(1; @) =A@

We then proved several theorems on completion of the game. Theorem 2.4.1 and the Corol-
lary 2.4.2 give necessary and sufficient conditions for the existence of a control for the
pursuer so that he can force completion of the game in a finite time. No matter what con-
trols that two players choose, Theorems 2.4.6 gives a condition sufficient to guarantee the
completion of the game and also gives the minimum completion time. Theorem 2.4.7 gives
conditions on the control sets, which are independent of the initial condition, which guar-
antee completion of the game; while Theorem 2.4.8 gives conditions on the control sets
and the initial condition which force completion of the game.

Finally we presented an iterative procedure which can be used to find the minimum comple-
tion time mentioned in Theorem 2.4.6 and to find the optimal controls to force completion

in this time.






Chapter 3

Two Person Zero-Sum Differential
Games-General Case

3.1 Introduction

The object of this Chapter is to present the concept of strategies and solutions as well as
existence and uniqueness results for the two person zero-sum stochastic differential games.
First, we will discuss some definitions and a brief survey of earlier works. Then, we will
present the earlier work on stochastic differential games using martingale methods. Almost
all of the material on this subsection comes from Elliott [47]. In the next subsection, we will
briefly mention the recent results obtained on two person zero-sum stochastic differential
games using the concept of viscosity solutions, Souganidis [181]. There are various other
methods used in studying stochastic differential games. In Bensoussan and Lions [22],
two player stochastic differential games with stopping is analyzed using the method of two
sided variational inequalities. Also refer to Bensoussan and Friedman [23, 24] for more
results in this direction. Also, a zero-sum Markov games with stopping and impulsive

strategies is discussed in Stetner [187].

3.2 Two Person Zero-sum Games: Martingale methods

The evolution of the system is described by a stochastic differential equations
dx(t) = b(t,x,uy,u)dt + o (t,x)dB(t) (3.2.1)
with
x(0)=xp eR", r€][0,1],

where B is an n-dimensional Brownian motion; u; € %;, i = 1,2 are control functions.
There are two controllers, or players,  and /1. The game is zero sum, if player / is choosing

his control to maximize the payoff and player I/ is choosing his control to minimize the

47
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payoff. Let 3, = o{x(s) : s <1} be the c-algebra generated on &, the space of continuous
functions from [0, 1] — R”, up to time 7. Assume that b: [0, 1] X € x 2 x %, — R" and o,
a nonsingular n X n matrix, satisfy the usual measurability and growth conditions. Given
an n-dimensional Brownian motion B(¢) on a probability space (Q, P), these conditions on

o ensures the stochastic equation

() =x0+ /O (s, x)dB(0),

has unique solution with sample path in €. Let 3, = c{B(s) : s <1}.

Assume that the spaces %) and % are compact metric spaces and suppose that b is con-
tinuous in variables u; € % and u, € 7. The admissible feedback controls szfllv for the
player 1, over [s,7] C 0, 1], are measurable functions u; : [s,] X 4 — % such that for each
T, s < T <t u(1,") is F-measurable and for each x € %, and u; (-, x) is Lebesgue mea-
surable. The admissible feedback controls <7 for the player II, over [s,f] C [0,1], are
measurable functions uy : [s,t] X € — % with similar properties. Let .27 = szfi(‘),i =1,2.

For u; € o7}

o i =1,2, write

b2 (T,x) = b(T,x,u; (T,x),u2(7,x)).
Then conditions on b ensure that
E [exp&l (b)) |Fs] =1 as. P,
where
gl () = /’{o*l(f,x)blfl="2(r,x)}’d3(f) - 1/2/’ |6~ (z, )b (7, )| d.
s s

For each u; € <7 a probability measure P,, ,, is defined through

1,42

dPM WU Ui .U
7(1}, 2 =exp& (b"12).

Then by the Girsanov’s Theorem, we have the following result.

Theorem 3.2.1. Under the measure P, ., the process w*1*2(t) is a Brownian motion on

Q, where
dw't2(t) = ! (¢,x) (dx(t) — b*1"2(¢,x)dt) .
Corresponding to controls u; € <7, i = 1,2 the expected total cost is
J(uy,uz) = Eyy [g(x(l))+/01h”1’“2(t,x)dt] (3.2.2)

where h and g are real valued and bounded, g(x(1)) is .%; measurable and # satisfies the

same conditions as the components of b. Also E,, ,, denotes the expectation with respect
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to Py, u,. For a zero sum differential game, player I wishes to choose u; so that J(u,uz) is
maximized and player IT wishes to choose u, so that J(u,u) is minimized.

Now the principle of optimality will be derived. Suppose that player II uses the control
up(t,x) € o through out the game. Then if player I uses the control u; (,x) € <, the cost
incurred from time ¢t onwards, given .%; is independent of the controls used up to time ¢ and

is given by
1
VN = B [ a0+ [ 10500057
t
Because L' () is a complete lattice, the spremium

\ v, (3.2.3)

u €AY
exists, and represents the best that player I can attain from ¢ onwards, given that player II
is using control uy. Let u; (uz) represent the response of player I to the control u, used by

player II. Then we have
Theorem 3.2.2.
(a) ui(up) is the optimal reply to u, iff

1
W,uz—l—/ R (s5)ds,
0

is a martingale on (Q’S”PMT('Az)ﬁuz) .
(b) In general, for uy € o,
1
m’lz +/ hul,uz (S)dS
0

is a super martingale on (Q,3;, Py, u,)-

From martingale representation results, one can see that u} is optimal reply for player I iff

there is a predictable process g;?, such that,

1
/ g2 ds < o as.,
0
and

For any other u; € 7 the supermartingale W2+ fo h"v*2(s)ds has a unique Doob-Meyer

decomposition as

W2 4+ M2 4 AN (3.2.4)
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where M;""*? is a martingale on (Q,3;,P,, 4,) and A;"" is a predictable decreasing pro-

cess. From the representation (3.2.4),
1 " 1
Wt [ (s)ds = Wi+ [ g0 (dx - binds)
0 0

_ /’ [(guzc_lbng),uz n hg’;<u2>,uz) _ (guzo_lb?huz n h;f;(uz),uz)} ds.
JO

Again from Theorem 3.2.1, dws"? = 6! (dx, —bg""?ds) is a Brownian motion on

(2,3, Py, u,) and hence the stochastic integral is a predictable process, so by uniqueness

of the Doob-Meyer decomposition
M,u"'uz — /t gdw"2,
Jo
wpay _ [T 1 ) () ey Uy =Ly i (2) 02
A :/0 [(g o b R )—(g o lpte g ! )}ds.
Since A;/!""? is decreasing one can obtain the following principle of optimality.

Theorem 3.2.3. If uj(uz) is the best reply for player I then, almost surely,
guchlbgf(uz)-uz +h??(u2)-,u2 > g Gflbf;l’”z _‘_hgf(ln),uz' (3.2.5)
That is, if the optimal reply for player I exists, it is obtained by maximizing the Hamiltonian

guzc—]b?] R70) + h?] M2 (3~2~6)

We will establish existence of optimal control uj(uz) € < for player I in reply to any
control uy € % used by player II. Now we will make the payoff (3.2.1) into a completely
terminal payoff by introducing a new state variable x,, | and a new Brownian motion B, |

on a probability space (Q', P"). Suppose x,+ satisfies the equation

dxp1 = h(t7xaul7u2)dt +dBy+1,
Xn+1 (0) =0.

The (n+ 1)-dimensional process (x,x,;) is defined on the product space (Q,PT) =
(Qx Q' PxP). If we write

c O

xT = (x,%01), bT=(b,h), G+—[0

:| ) and Wnt1 :Bl’Hrlv

then w = (w,w,,;1) is an (n+ 1)-dimensional Brownian motion on Q.

Define a new probability measure P,jq up ON Q7 by putting

-+

Pu R
s exp ) ().
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Let E;‘; «, denote the expectation with respect to P,j; 1w+ Since wy 1 is a Brownian motion
and & and g are independent of x,, |, the expected payoff corresponding to the controls u;

and u; is given by,

B o) 5001 (D] = Eup s [ GO0+ [ s ) .

Define
uz \/ Eu| uz )ernJrl(l ‘3 ]
u €%
the suprimum being in L' (Q*). Let C* denote the R"*! valued continuous function on
[0,1] and 3" the c—field on C* generated up to time . Let ®* = {¢ : [0,1] x C* — R"+1}
which satisfy

(i) foreacht € [0,1], ¢ (¢,-) is ;" measurable,
(ii) foreachx € C", ¢ (-,x) is Lebesgue measurable,
and
(iii) [(07) " (1,20 (1, )| < M(1+ |lx[l;) where [[x]; = supoe e, |x(s)]-

Write 7 = {exp&} (¢) : ¢ € ®}. Because ¢ has linear growth E*exp&] (¢) = 1 for all
¢ € ", where E™ denotes the expectation with respect to PT. Since 2 is weakly compact,

we have the following result.

Theorem 3.2.4. There is a function H € ®*, such that (W,} (t),3,",P*) is a martingale.

Here P* is defined on Q7 by

dP* 1
JpT = XP & (H). (3.2.7)

If there is an optimal reply u (u2) for player I, take H = f;’[(uz) y

This result states that, even if there is not an optimal control, there is always a ’drift term’
H € @' whose corresponding measure gives the maximum value function, that is,

t)_ \/ Eul uz[ x(l))+x,,+]( )‘S;r]

u €Uy
= E*[g(x(1)) +x011(1) | /']
where E* denotes expectation with respect to P*.

Under P*, using Girsanov’s theorem, we are considering an n + 1-dimensional Brownian
motion w* on (QF, P*) defined by

dw\ (o' 0 dx— Hdt
aw ., 0 1) \dxy—Hydt )
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where H denotes the first n coordinates of H.
Since & (t,x,u; (t,x),us(¢,x)) is independent of x,,, 1, for any controls, the weak limit H, |

is independent of x,, 1. So for any control u; € Uy:
1
EZ,uz[g(X(l))wL/O h(s,x,ur,u2) ds+ W1 (1) = wapt ()|, + x4 (1)

= Ey, u,|g (x(1)) +/tlh(s,x,ul,uz)derw,H_l(l) = W1 (1)) + x01 (£)-

Taking suprimum to obtain W,Z, we see
t

W) =W+ [ Hoa(9)ds 0 (0).
Therefore,

t

W [ Hya(5)ds i 1) = Eg (1) 45,01 (1157
Taking the expectation with respect to 3, C 3;7 we have
1
Wi+ [ Hya(5)ds = B[ (x(1) +x,1 (1],
Hence, W2 + [ Hy+1(s)ds is a martingale on (Q,3,,P*), and thus it can be represented
as a stochastic integral, that is, B2 4 fé g*dw*, with respect to n—dimensional Brownian
motion w* defined on (Q,3,, P*) by
dw*=oc"'dx— o 'Hdt.

Here, B2 = W(;’ 2 and g* is a predictable process. Under any other control u; € Uy, as in
Theorem 3.2.2, W2 + [; hs'"?ds is a supermartingale and hence

VVtuz + /t h;l].uZdS
0

:Buz+/0fg*dw?l,u2 +/O’ (g5 b 4 pre) — (g*G_lﬁy-i-H,hL](S)) ds.
3.2.8)
Since wy'"*? is a Brownian motion on (Q,P,, ,,) defined by
dwi2 = 6! (dx, — b1 ds),

the first integral on the right hand side of (3.2.8) is a stochastic integral and the second a

decreasing process. Hence we have almost surely

g0 ' H+H, >g'c b2 g, (3.2.9)



Two Person Zero-Sum Differential Games-General Case 53

If there is a process u] (u2) such that, almost surely,

g*G_lﬁ"_fIn-&-] — g*o—lfuT,uz +hu’f,u2
then

Wuz + thMT7M2ds _ Bu2 + i *dw+

4 0 § - 0 8 ”T(“2)7u2
and then, it is a martingale. Therefore, uj (1) would be an optimal reply to us.
For the above process g*, since b and & are continuous in the control variables u; and u;
and the control spaces are compact, there is a measurable feedback control u} (1) such that

almost surely
gt .o pritmlie o puilm)in 5 o G=lpuue 4 puu (3.2.10)

We will now show that such a control u} (u) is an optimal reply for Player L.
Let
Cy(up,up) = g*.0 B2  plri
and
T, =g".0 'Hy+Hyi1(5),
and let u} (uy) is selected as in (3.2.10) so that I's (u},us) > I's(u1,uz). Then
w2 +/ hirt2ds = B2 +/ ghdwy +/ s(u,u) s) ds.

Taking the expectations with respect to L, |, att =1 we have
1 1 .
Bl |60+ [ 10| =52 £ | [ (T ) <) |
’ 0 0
< Buz +E+

oo | [ (R )00~ ) ]

The left hand side of the inequality (3.2.11) is just y""*?, so for any n € Z" there is a

(3.2.11)

control u, € Uy, such that,

—Ef [ /0 1 (T (w1 (12), ) ~ ) ds} <1/n.

—X = / s (U] (u2),u2) —fs) ds.

Then the inequality (3.2.10) implies X is positive almost surely, and E*¢,X — 0, where
0, =exp&] ( ulwz). Let XN = min(N,X) for N € Z*, 50 0 < X < X and ET gy XV — 0.
By weak compactness of Z there is a ¢ € & such that the ¢, converge to ¢ weakly, so

Also, let

lim ET ¢, XY = ET¢XxN = 0.
n—o0
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Since ¢ > 0 a.s., we have XV = 0 a.s.. Therefore X = 0 a.s., and hence
Ly (u}(u2),u0) =Ty as..

Therefore, we conclude that an optimal reply u](u) exists for player I in reply to any
control u; € U, used by player II.

We will now establish the existence, and obtain a characterization, of the optimal feedback
control that player II should use if he chooses his control first. Assume that the player I
will always play his best reply uj(u2) € U; in response to any control u € U,. Now the
problem is how player II, who is trying to minimize the payoff (3.2.1), should choose a

uy € U such that

inf sup J(up,up) = inf J(u](uz),uz).
I, sup J(un,u0) = inf J (0 10) )

For any up € U, and ¢ € 0, 1], if player I plays u}(u2), the expected terminal payoff is

1
Yu, (t) = Euf(uz),uz |:g(x(l) +/(; h (uz)‘”2ds|3t:| .
Since L' (®) is a complete lattice the infimum (denoted by A),

Vi= A v, (3.2.12)

uyel,
exists in L' (@). V;" in (3.2.12) is called the upper value function of the differential game,
and
V.F = inf sup J(uj,u
0 ”2€U2u1€51 ( ! 2)

is the upper value of the game. One can obtain the following result, Elliott [47].
Theorem 3.2.5.
(a) u5 € Uy is optimal for player II if and only if
1 * * *
VI++/ hul(uz),uzds
0

is a martingale on (97 Q{”PMT(”E)J‘E) .
(b) In general, for uy € Uy,

e [ g,
0

is a submartingale on (Q, dtvpu’f(uz),uz)'
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From the above martingale representation, ;5 € U, is optimal for player II playing first if

and only if there is a predictable process g; such that

1
/ 18- Pds < o as.
0

and
4 * * * 1
vt +/O p ()46 g — B +/O g dwyj.
Here the w* is the Brownian motion given by
dw* = ¢! (dx - b"T(ui)Mids) ,

on (Q7PMT(ME)’MZ). For a general uy € U, the submartingale V," 4 fé R (#2)02 4 has
a unique Doob-Mayer decomposition B* + M,? 4 A;?, where M,” is a martingale on
<Q,Pu7(u2).uz) and A;? is a predictable increasing process. Also, if u} € U, is optimal
for player II playing first, then almost surely

g*.G_] b;‘f(”ﬁ)-”ﬁ + hf;T(u’ﬁ)»u’i < g*.G_lb?T(MZ)’HZ + h?T(“z)#z.

Conversely, without a priori assuming there is an optimal control u; € U, one can obtain
an integral representation for V;*, and show that the measurable strategy, obtained by min-

(uz) 1z 4 h?T (u2),

imizing a Hamiltonian g*.c~' b, “2 exists and is optimal. This leads to the

following result.
Theorem 3.2.6. There is a predictable process g* and u3 € U, is optimal if and only if u;

minimizes the Hamiltonian

T (] (u2),u2) = g*.cr*]b?,{(m’u2 +h?9{(u2)’u2, a.s. in (s, ).

3.2.1 The Isaacs condition
‘We have seen that,

+7 .
Voo = inf sup J(up,u)
ur €ls uy el

represents the best outcome that players I and II can ensure if player II chooses his feedback

control first. Now, we will define the lower value of the game,

Vo = sup inf J(uj,up).

) €Uy ur el

Fort €0,1],x € C,u; € Uy, uy € Up and p € R" we can write

L(E%P?”l:”ﬁ =p- Gil(l‘,x)b(t,xﬂ,[huz) +h’(t7xvulvu2)’
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The game is said to satisfy the Isaacs condition if, for all such ¢, x, p,
min max L(f,x,p,ui,upy) = max min L(t,x,piui,up). 3.2.13
uyelUy ujel; ( P 2) uely upel, ( P 2) ( )
We say the game satisfies a saddle-point condition if the upper and lower values of an
‘infinitesimal’” game are equal, then VOJr =V, . The result that follows states that the game

has a value under Isaacs condition.
Theorem 3.2.7. If the game satisfies the Isaacs condition then VO+ =V .
Proof. Note that foru; € U;,i=1,2

rs(u17u2) =L(s,x,g*;u1 (I,X),MQ(I,X)),

where g* is the predictable process introduced earlier. Also, for any uy € U,, we proved

that there exists a strategy u (u2) € Uy, such that,
T (1] (u2),u2) = max Ty (u] (u2),u2),
uy €l
and then that there is a 5 € Uy, such that,
s (] (u3) ,u5) = min Ty (] (u2),u2) as.
urel,

= min max [y (uj,up) as..
urels uy €Uy

We also had a representation of the form
v, +/ pi(14)44 gg — B* +/ gidw! as.
0 0
Because f and u; are continuous in u; and u; and U; and U, are compact, for any u; € U;
there exists a strategy u5 (1) € U, such that
T (ur,u5 (uy)) = min Ty(up,up) as..
ur€ls
Similarly, there is a u} € Uy, such that,
Ty (u},u; (1)) = max Ty (ug,u5 (u1)) as.
uy €l
= max min [y(uj,up) as..
u €U up €Uy
Since the Isaacs condition (3.2.13) holds, we have
Uy (ul,uz (u1)) =Ty (u] (u3) ,u3) as..

Now, for any u, € U,, we have

Ly (), u; (1)) < Ty (uf,up) as..
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and for any u; € U;, we have

Ty (uy,u3) < Ty (uf (u3) ,u3) as..

Hence,

Ty (uy,u5) < Ty (u},u5) < Ty (u},un) as..
Therefore,

A8 +/Ot it ds — BF —|—/Ot(g'*Cwa?T’uz a.s.,
where

uh ol _ i uh
dw'i™ — l(dxs—bxl st)

is a Brownian motion under Py us- For any other u; € U;, we can write

vt / RO s = B+ / w5 4 /  (1,103) — T (i} u3) ) ds.

Taking the expectations at t = 1 with respect to Py s results in,

1 *
Euy [g(x(l)) + / h?“”st} =J (ur,u3) <J* =7 (uj,u3).
Jo
Similarly, one can show that
J(uy,uy) <J(uj,uz).
Therefore, if Isaacs condition is satisfied

sup inf J(uj,up) = inf sup J(uj,up) =J",
u €U, ur €Uy ur €lr u €U,

hence the upper and lower value of the differential game are equal. Furthermore, we can

also show that if the upper and lower values are equal then

max min L(7,x,g";u;,up) = min max L(¢,x,¢ ;uj,up) a.s..
u €Uy upel, ( g ’ ) ur€Usr uy €U, ( g ’ ) O

In this section, using the martingale methods we have proved the existence of a value for

the game under the Isaacs condition as well as characterized the optimal strategies.
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3.3 Two Person Zero-sum Games and Viscosity Solutions

The viscosity solution concept was introduced in the early 1980s by Michael Crandall
and Pierre-Louis Lions, [43] as a generalization of the classical concept of a ’solution’ to
a partial differential equation (PDE). It has been found that the viscosity solution is the
natural solution concept to use in differential games (the Isaacs equation) and in stochastic
differential games.In this subsection, we present briefly some key elements of the viscosity
solutions method for the theory of two person zero-sum stochastic differential games. For
more details we refer to Fleming and Souganidis [64, 65]. For s € (¢,T], consider the

dynamics
dxg =D (xg,5,uis,Uzg) ds + O (xg,5, Ui, Ung) dWy (3.3.1)
with initial condition
x=x (xeR"),

where w is a standard m-dimensional Brownian motion. The payoff is given by
T
Jei(ur,up) = Eyy {/ h(xs, s, uys, uzs)derg(xT)} . (3.3.2)
t

Here u; and u; are stochastic processes taking values in the given compact sets U; C RF
and U, C R,
Assume that b : R" x (0, 7] x Uy x U, — R" is uniformly continuous and satisfies, for some
constant Cy and all ¢,7 € (0,T], x, ¥ € R", u; € U;, i = 1,2,
|b(x,t,u1,u2)| X Cl;
|b(x,t,u1,u2) = b(X,1,u1,u2)| < Cy (Jx =X+ —1]).
Also, let h: R" x (0,T] x Uy x Uy — R is uniformly continuous and satisfies, for some
constant C;,
|h(xat7u1au2)| < G,
’h('xalaubuZ)_h()?’/t:MI:MZ)‘ < 2(|X ﬂ+|l_7)
C37

and g : R" — R” satisfies
{ sl <
lg(x) —g(X) < Gz (Jx—x]).

Also the n x m matrix ¢ is bounded uniformly continuous and Lipschitz continuous with
respect to x.

On a probability space (Q,3,P), set

U;(t) ={u: [t,T] — U; measurable}, i=1,2.
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These are the sets of all controls for players I and II. We consider the controls that agree
a.e. are the same.

Define any mapping
o:Us(t) — Ui()
to be a strategy for I (beginning at time ¢) provided for each s € [t,T] and uy, uy € Us(¢)
if up=1p ae.in [t,5],then afuz] = ofiz] a.s. in [t,s].
Similarly, a mapping
B:Ui(t) — Ua(r)
is a strategy for player II provided for each s € [¢,T| and uy, u; € U (t)
if up =u; ae.in [t,s], then Blu;] = Blu1] ae. in [r,s].

Denote by I';(¢), i = 1,2, the set of all strategies for players I and II respectively, beginning
at time 7. At this point we note that there is some serious measurability problems that need
to be addressed in the characterization of strategies for stochastic games. For a detailed
account on the concept of measurability in the stochastic case and how to overcome this
difficulty, we refer to Fleming [64]. Define the lower and upper values V and U by
V(x,t)= inf  sup Jy,(uy,Bui])
BED2 (1) y vy (1)
and
U(t,x)= sup inf Jy(a(uz),uz).
o€l (1) 1ela(t)

The U and V satisfy the dynamic programming principle which for simplicity is stated with
h = 0. The proof of this result rests on the results about uniqueness of viscosity solutions
to fully nonlinear second-order pde as well as some appropriate discretization of the game

in time but not in space and we refer the reader to Fleming [64].

Theorem 3.3.1. Let ¢,7 € [0,T] be such that t < 7. for every x € R"

V(x,t)= inf sup Ey{V(x;,7)},
Bea(yjev, ()

and

U(x,t)= sup inf E, {U(x7,7)}.
o€l (1) €U (1)
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With this result, one can study the connections between U and V and the associated
Bellman-Isaacs equations which are of the form
+H(D?y,Dy,x,t) =0 inR" x0,T],
Yi -+ H(D?y, Dy, x,1) ] (333)
y=g onR" x {T},
with

H(A7p7x7t) :Hi(AvpﬁCvt)

1
= max min [tr(a(x,t,ul,uz)AJrb(x,t7u1u2).p+h(x,t,u1,uz)] (3.3.4)
u €Uy ur €U, | 2

and

H(A7p7'x7t) = H+(A’p7x7t)

1
= min max [tr(a(x,t,m,uz)A+b(x,t,u1u2).p+h(x,t,u1,uz)] (3.3.5)
ur €U uy €Uy 2

where a = oo’

We will now give a result for the viscosity solution for (3.3.3) and a comparison principle.

Theorem 3.3.2. A continuous function y : R" x [0,T] — R is a viscosity solution (resp.
supersolution) of (3.2.3) if
y< g on R"x{T},
(respectively for, y > g on R" x {T}), and
& (x,1) +H(D2¢(x,t),D¢(x,t),x,t) >0,
(resp. ¢ (x,t) +H(D*¢(x,t),D(x,t),x,t) < 0), for every smooth function ¢ and any local

maximum (respectively, minimum) (x,t) of y — ¢.
Following result is obtained in Ishii [92].

Theorem 3.3.3. Assume that the functions b, g, h, and ¢ are bounded and Lipschitz con-
tinuous. If z and 7 (resp. y and y) are viscosity subsolution and supersolution of (3.2.3)
with H given by (3.2.4) (resp. of (3.2.3) with H given by (3.2.5)) with terminal data g and
gandif g < gonR" x {T}, then z <Z (resp., y <y) on R" x [0, T].

Following is the main result for the zero-sum stochastic differential game problem with
two players which is stated with out proof. The proof is given in Fleming and Souganidis

[64] which is tedious and involve several approximation procedures.

Theorem 3.3.4. (i) The lower value V is the unique viscosity solution of (3.3.3) with H as
in (3.3.4).
(1) The upper value U is the unique viscosity solution of (3.3.3) with H as in (3.3.5).
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For the dynamics of (3.3.3) with initial time # = 0, and for a discounted payoff

J(u1,up) =E {/Om eksh(x(s),ul(s),uz(s))ds},

the existence of value function is obtained by Swiech [190] using a different approach. The
so called sub-and super optimality inequalities of dynamic programming are used in the
proofs. In this approach to the existence of value functions, one start with solutions of the
upper and lower Bellman-Isaacs equations which exist by the general theory and then prove
that they must satisfy certain optimality inequalities which in turn yield that solutions are

equal to the value functions. For further analysis of the subject problem see Swiech [190].

3.4 Stochastic differential games with multiple modes

In Ghosh and Marcus [76], two person stochastic differential games with multiple modes
are studied. The state of the system at time ¢ is given by a pair (x(r),0(r)) € R" x S,
where S = {1,2,...,N}. The discrete component 8(¢) describes the various modes of the
system. The continuous component x(z) is governed by a “controlled diffusion process”
with a drift vector which depends on the discrete component 8(¢). Thus x(¢) switches from
one diffusion path to another at random times as the mode, 0(r), changes. The discrete
component 6(¢) is a “controlled Markov chain” with transition rate matrix depending on the
continuous component. The evolution of the process (x(7),0(¢)) is given by the following

equations
dx(t) =b(x(1),0(1),u; (t),uz(t))dt + o (x(t), 0(t))dw(t), 3.4.1)
and
P(O(t+61)=j | 0(r) =i,x(s),0(s),s < 1) = A;j(x(¢)) 0t +0(S1), i+ ], (34.2)

fort > 0,x(0) =x € R", 0(0) =i €S, where b, 6, A are suitable functions. In a zero sum
game player [ is trying to maximize and player Il is trying to minimize the expected payoff,

that is,
Jeilur,uz) = Exg [ /0 e (1), 08, (1), ua (1))t | (3.423)

over their respective admissible strategies, where o > 0 is the discount factor and r : R" x

S x Uy x U, — R is the payoft function and is defined by

F(X,i,ulyuz):/v/‘/7(1671'7\)1,\’2)”1 (dvi)uz (dvy).
2 1
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Here V;, [ = 1,2 are compact metric spaces and U; = & (V;) the space of probability mea-
sures on V; endowed with the topology of weak convergence and 7: R" x S x V| x V, — R.
Also let

BIR”XSXV]XVZHRn
o:R"x S — R"™

and
N
)LijZRnHR, 1<i,j<N, 3,1“/‘2(), i;éj, Zl,-‘,-:o.
j=1

The following assumption is made.
(A34.1):

(i) For each i€ S, b(-,i,-,-), 7(-,i,-,-) is bounded, continuous and Lipschitz in its first
argument uniformly with respect to the rest.

(ii) Foreachi€ S, o(-,i) is bounded and Lipschitz with the least eigen value of 66”(-,i)
uniformly bounded away from zero.

(iii) Fori,j € S, A;j(-) is bounded and Lipschitz continuous.
Define
by (x,i,u1,uz) :/V ; bi(x,i,v1,v2)uy (dvy)uz(dva), k=1,....n
1 /Va
and
b(x,i,uy,uz) = [by(x,i,u1,u2), ..., by(x,i,ur,u2)].

If w; () = vi(x(-),0(:)) for a measurable v; : R” x § — Uy, then u(+) is called a Markov
strategy for the /th player. Let M; denote the set of Markov strategies for player [. A
strategy u;(-) is called pure if u; is a Dirac measure, i.e., u;(-) = 6,,(-), where v;(-) is a V;

valued nonanticipative process. For p > 1 define

PR"xS)={f:R"xS—R: foreachi €S, f(, )GWZP(R”)}

loc loc

(R" x S)is endowed with the product topology of (W, WP (R”))N. For f € W2P(R" x

loc loc

w2P
loc

S), we can write

N
L2 f ) = L2 f () + Y A f (e, ),
j=1

where
L 8 x7 i)

L™ f(x,i0) Z i(x,0,v1,v2)

= 9xj

1 L 8 97 f(x,0)
5 ; 8x,8xk
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Here, aji(x,i) = Y, 0j1(x,i) 0w (x,i).
Define

e fei) = [ (@),
JV IV,
The Isaacs equation for this problem is given by

inf sup [L"V*2¢(x,i) 4 r(x,i,ur,up)] = sup inf [L“V*2¢(x,i) 4 r(x,i,u1,up)]

Lt2€U2ul€U1 u €U, ur€ls
= ad(x,i). (3.4.4)

This is a quasilinear system of uniformly elliptic equations with weak coupling in the sense
that the coupling occurs only in the zeroth order term. Now we will state the following

results from Gosh and Marcus [76].

Theorem 3.4.1. Under (A3.4.1) the equation (3.4.4) has a unique solution in C*(R" x )N
Cb (R" X S).

The result that follows characterizes the optimal Markov strategies for both players.

Theorem 3.4.2. Assume (A3.4.1). Let uy € My be such that

inlf] [Z bj(x,i,uf(x,i),uz le] V(x,j) +r(x,i,u)(x,i), u2)}
upely i
= sup inf Zb EARTINTY Vix l) Zl, V(x,j)+r(x,iu,up)
u €Uy uyel, =l ’ J ’

for eachiand a.e. in x. Then uj is optimal for player 1. Similarly, let u5 € M, be such that

urel; | j=1

ZA«U )C ] +r(xalvul,u2(x l)):|

= inf sup [Zb x,i,u1,u) xz) ZAU r(x,l}u],uz)}

MZEUZ u €Uy | j=1

for eachiand a.e. x. Then u; is optimal for player 1.

This kind of game typically occurs in a pursuit-evasion problems where an interceptor tries
to destroy a specific target. Due to swift movements of the evader and the corresponding
response by the interceptor the trajectories keep switching rapidly.

In Kushner and Chamberlain [111], the problem of the numerical solution of the nonlin-
ear partial differential equation associated with the subject game is considered. In general,

due to the nonlinearities and to the nonellipticity or nonparabolicity of these equations, the
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available theory is not much helpful in choosing finite difference approximations, guar-
anteeing the convergence of the iterative procedures, or providing an interpretation of the
approximation. For a specific problem, a finite difference scheme is given in Kushner and
Chamberlain [111], so that the convergence of the iterative process is guaranteed. With
the development of weak convergence theory for game problems, Ramachandran [158],
and the numerical methods described in Kushner and Dupuis [112], it is possible to de-
velop computational methods for stochastic differential games. This will be the topic of
Chapter 8.



Chapter 4

Formal Solutions for Some Classes of Stochastic
Linear Pursuit-Evasion Games

4.1 Introduction

As mentioned in Chapter 1, considerable attention has been given recently to pursuit-
evasion games with linear dynamics and quadratic payoff. Consider the transition equation
X = Gpu— G,v; with initial condition

4.1.1)
x(0) = xo.
where

i) x(r) € R", is the state of the game;

(
(

iii) v(r) € R? is the evader’s control chosen at time 7;

i) u(t) € R is the pursuer’s control chosen at time ¢;
and
iv) G, and G, are (n x p) and (n X ¢) time varying matrices.

The payoff of this game is given by
T
J= % {x/(t)s(t)x(r) + /0 [ (1)B(t)u(r) —V (1)C(t)v(r)] d;} (4.1.2)

where
v) T =ty is some prescribed terminal time. The initial time £ is taken to be zero without
loss of generality.
vi) B and C are symmetric, positive definite, time-varying matrices;
and
vii) S(r) = Sy is a symmetric and positive and semi-definite matrix which will be defined

later.

Ho, Bryson, and Baron [89] have solved this game for the case where both players have

perfect knowledge of the state of the game, x(7). When a solution exists and it is given by

U':u=—B 'Gpsx;

65



66 Stochastic Differential Games

and
Viiv=—C'G,sx
where S is the solution to the matrix Riccati equation, given by
S=S8[GpB~'G,—G.CT'G,] S; S(t) = .

If the solution is bounded on the interval [0, 7] then the strategies U* and V* are minimax.

4.2 Preliminaries

Consider a stochastic differential pursuit-evasion game of the form

%x(t;w) =Gp(0)u(t;w) =G, (0)v(t; ®) 4.2.1)

where

i) o € Q, where Q is the supporting set of a complete probability measure space
(A, u);
ii) x(t;) € C. (R, Ly (Q,A, 1)) is the is the n-dimensional state vector;
iil) u(r;m) € Ly (Q,A, 1) is the p-dimensional pursuer’s control vector chosen at time
t € R, foreach w € Q;
iv) v(r;0) € Lr(Q, A, u) is the g-dimensional evader’s control vector chosen at time ¢ €
R, for each w € Q;
and
v) Gp(w) and G3(w) are (n x p) and (n x ¢) dimensional random matrices. The payoff
to be minimaximized is the expected value of equation (4.1.2). That is,
J= %E {x/(t, ©)S(@)x(T; o)
4.2.2)
+ / /(1 0)B()u(t; ©) — (1 0)C(1)v(t; 0)] dt}
where
vi) T is some prescribed termination time;
and

vii) B and C are symmetric and positive definite matrices.

It is seen that equation (4.2.1) is another special case of equation (2.1.1). In this Chapter
we deal with stochastic differential games where the state variable does not appear on the
right-hand side of the transition equation. Physically this means that the state exerts no

control itself.
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Integrating equation (4.2.1) with respect to ¢ we obtain
1
N / (Gp(0)u(T; @) — Go(@)v(7; 0)]di, 0. (4.2.3)
0

Theorem 2.2.3 reveals that the game has a unique random solution if

P

|Gr(@)ult: 0) = Ge(@(1:0) |00 < 77+

where M is the norm of the operator T defined by

(Tx) (1) = /O (1 0)dr.

Since the stochastic free term in (4.2.3) is identically zero, we take Y = 0; and since the
stochastic kernel does not explicitly involve x(z; @), we can take A = 0.

We will now attempt a formal derivation of this random solution.

4.3 Formal solution for a Stochastic Linear Pursuit-Evasion game with perfect
information

In this section we will assume that both players make perfect measurement of the state of
the game. We will consider a multistage differential game formed by discretizing equation
(4.2.1). By dividing the stochastic differential game into N short games, we can then apply
the work of Ho, Bryson, and Baron [89] to approximate the optimal controls for each of
these games. This iterative procedure generates a formal random solution to the stochastic
game (4.2.1).

We shall divide the time interval [0,7] into N small subintervals, each of length 8. By
requiring the players to use constant controls during each subinterval, the transition and

criterion equations can be expressed in multistage form, that is,
x[(i+ 1A 0] = x(iA; 0) + A[Gp(0)u(id; ©) — G.(0)v(iA; @)] fori=0,1,2,...,N—1
and

J= %E {x’(NA; 0)S7(®)x(NA; o)
4.3.1)

N—1
+ Z() (1 (iA; ) B(iA)u(id; @) — V' (ih; @)C(iA)v(id; )] }

The time interval 6 is assumed short enough so that @ € Q does not change significantly
during a subinterval, and the players are allowed to make perfect measurements of the state

only at times i, i =0,1,2,...,N — 1. Their controls must be based on these measurements.
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Under the above assumptions, we have a series of deterministic games of the form
x(t; (D,‘) = Gp(a),')u(l‘;(l)i) — Ge(a)i)v(t; a),'),

forr € i6 and @; € Q. At each instant, i, i =0,1,2,...,N — 1, @; € Q is chosen by nature
and assumed fixed. The players observe the state of the game and choose their optimal
controls for the next subinterval. As previously mention, Ho, Bryson, and Baron ([89] hbb)
have determined the optimal controls for each of these short deterministic games. When a

solution exists, it is given by
u(t; ) = —B N (6)Go(@,)S(t; 0;)x(t; 0;):
(t; ) (1)Gp(@:)S(1; @) x(t; @;) 43.2)
V(l‘;(l),‘) = —C’l(t)G’g(a)i)S(t;a)i)x(t;wi),

fors € [iA, (i+1)A],i=0,1,2,....,N—1, @; € Q and S a solution of
S=S[GpB~'Gp—G.CT'G,] S
and
(i @) = Sp(w) i=1,2,3,...,N.

At the end of each subinterval the process is repeated until the terminal time 7 = N§ is
reached.
Since the controls given by (4.3.2) are optimal, that is minimaximized the expected payoff,

over the subintervals iA, the stochastic controls

u(t; o) = u(t; o)
and

v(t; 0) =v(t; ;)

fort €id and @; € Q, i =0,1,2,3,...,N — 1, will be optimal for the game (4.2.1) in
the sense that as A — 0 the expected payoff (4.3.1) will approach the minimax of equa-
tion (4.2.2).

Differential games and multistage games with perfect information have been the subject of
many publications. Now, what if one or both players cannot make exact measurements? A
logical extension is an investigation of a pursuit-evasion problem in which the players have

imperfect knowledge of the states involved.



Formal Solutions for Some Classes of Stochastic Linear Pursuit-Evasion Games 69

4.4 On Stochastic Pursuit-Evasion games with imperfect information

Differential games with noisy state observations have also been investigated by some au-
thors, among them Behn and Ho [19] and Rhodes and Luenberger [167], under somewhat
restricted situations. Yoshikawa [217] has solved a simple one-dimensional, two-stage

game of the form
Xit1 :CLX,‘—FMI‘—FV,‘—F&,‘ fori=0and 1
with payoff
1
I=x3+ Z(b,-uiz—i—c,-viz)
i=0

and with the noisy state observations

y=x1+1n
and

z=x1+&,
where &y, &1, 1, and & are mutually independent zero mean noises; but has been unable
to solve more general multistate games. The difficulty is that there appears to be infinite
number of terms in the optimal strategies of each of the two players. That is, they are based
on estimates of estimates of estimates ..., Behn and Ho [19] have termed this the closure
problem in stochastic pursuit-evasion games and found conditions which are sufficient for

closure.

Consider the optimization of the payoff

a’ 1 [
1= { SR+ [ IoRR - ORI @k, @
0
subject to the differential constraint
y(t) = GP(tf:t)u(t) - Ge(tfvt)v(t)

¥(to) =yo
where the pursuer can make perfect measurements; but the evader’s measurements are

(4.4.2)

given by
2(t) = H()y(t) + w(t),
where w is a Gaussian white (0,Q(¢)) process. Assume that the controls are bounded

and continuous so that the differential equation (4.4.2) is meaningful and Integrable. The

optimal strategy pair is assumed given by

U*: u(t) =Cp(t)y(t) +Dp(y)y(t) (4.4.3)
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and

V*v(r) = Co(1)9(1) (4.4.4)
where $(¢) is the evader’s optimal estimate of y(¢) based on the measurements z(7), 7, <
T < t. and y(¢) is the error of the evader’s estimate, y(¢) = y(t) — $(¢). The values of
the feedback gain matrices C,, Cp, and D), are then determined by standard optimization
techniques.
Behn and Ho [19] showed that C), and C, are the same feed-back gain matrices employed
by the players in the deterministic problem. The evader merely uses the feedback strategy
employed in the deterministic game to operate on his optimal estimate $(z) of the state y(z).
From the pursuer’s point of view, the optimal strategy is the deterministic feedback control
plus a term to take advantage of the inaccuracy of the evader’s measurements.
Using (4.4.3) and (4.4.4) to find the controls u(r) and v(¢) and eliminating (), the criterion

function (4.4.1) becomes
@ 2 L 2
I=E3 S0P +5 [ IyOIPCoReCr
2 2 Jio

+Y/(t)CpRp Dpy(t) +(t)Dp RpCp y(1)
HYOI?DpRe Dp = |[y(1) = 3(1)|Ce R Ce ] dit
subject to
¥(t) = [GpCp — G.C,|y(t) + [GpDp + G.C,] ¥(¢)
and
¥(f0) = yo.
Behn and Ho [19] found that if the following two conditions are satisfied,

i) the dimension of y(r) equals the dimension of v(z);
and

ii) G, (1) exists forall # < 1

then the investigation is still continuing on the existence of a random solution to equation

(4.2.1) when one or both of the players have imperfect measurements.

4.5 Summary

The subject of this Chapter was the existence of a random solution of the stochastic linear-

quadratic pursuit-evasion game of the form

%x(;; ©) = Gp(@)u(t: 0) — Go(@)(t: ),
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where the state has no effect on the right hand side of the equation.

Applying a theorem from the last Chapter, we found a sufficient condition for the game to
have a unique random solution. By discretizing the game we were able to derive a formal
random solution under the assumption that both players make perfect observations. We
then presented the problem of the existence of a solution if one of the players cannot make

perfect observations of the state of the game and pointed out the difficulties encountered.






Chapter 5

N-Person Noncooperative Differential Games

5.1 Introduction

In the previous four chapters we have presented the foundations for two-person zero sum
differential games. In those cases, there were a single performance criterion which one
player tries to minimize and the other tries to maximize. In applications, there are many
situations in which more than two players and each player try to maximize (or minimize)
his/her individual performance criterion, and the sum of all players’ criteria is not neces-
sarily zero nor is it a constant. Such cases are called N-person non-zero sum differential
games. A non-zero-sum game is the game in which each player chooses a strategy as
